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PREFACE. 


The present work is intended as an aid to 
the student, in the preparation for the Senate- 
House, during his last Term. Many of the so- 
lutions might have been given in a more ela- 
borate form, and this was the original design 
of the author, but as every inoipent is valuable 
to the student near the time of his final exa- 
mination, and all the author could expect or 
wish, would be a hasty perusal of the work, it 
was deemed better to be as concise as possible, 
consistently with the design of bringing promi- 
nently forward general principles applicable to a 
class of problems, in preference to using artifices 
which, though they might shorten the process 
in particular instances, would not be equally 
beneficial to the student in preparing him to 
meet future cases. 


The problems of the last two years have 


been selected, both because they offer every 
able variety, and as they wil} give a r 


% 



iv EBEFACE. 

idea of the Resent character of the Senate- 
House Examinations. 

' 4 >‘ 

, ; The author had prepared for publication the 
solutions of the Geometrical Problems, whether 
of two or three dimensions, according to a new 
method of Geometry, which has been employed 
successfully on the continent by M. Poncelet, 
and ^1. Chasles, but has not appeared in any 
Cambridge work. It was thought, however, ad- 
visable to comprise these, together with a short 
account of the Geometry, in a tract, which the 
author hopes soon to lay before the student. 

The author takes this opportunity of return- 
ing his thanks to the Examiners, and his friends, 
for their advice and assistance during the pre- 
paration of the work. 


Saint John’s College, 
Sept. 18 , 1841 . 
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Problem I. 
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A fraction whose denominator is less than ten 9 when 
reduced to the decimal form 9 cannot contain the figure 9 * 
in its decimal part. Are any other digits excluded in 
particular cases ? 

p 

Let - be the fraction in which ©<g< 10. Then in 
9 

the process of the division of 10™p by q , the remainder 
must be always less than the divisor, and the greatest 
remainder will be q - 1 : the succeeding quotient will 

i * i 10 (o - 1) 10 , . , . 

therefore be — = 10 , which since q is an 

9 9 

integer less than 10, can never give 9 as a result; and 
this follows d fortiori when the remainder is less than 
the assumed one. 

In different particular cases different digits are ex- 
cluded. Thus when <7 = 3, the only admissible remainders 
are 1, 2, and these give for quotients 3 and 6. Similarly 
when 

q - 4 the excluded digits are 1, 3, 4, 6, 8, 9, 


ft «5 .............. 

1, S, 5, 7, 9, 

9-6 


• 

• 

• 

• 

• 

• 

• 

• 

ll 

o* 



4, 9, 

AttQ 

0. 

1 . — ~ 

1 


ft 


Problem II. 


circle* intersect in A and B: AD, AD' are 
AC, AC' ore chords , eocA 0 / trAwA touches 
tittle of which it is not a chord : the line AEE' 
,$4*ect* the angle DAD' and cuts the circles in E and 
;^'s then the common tangent to the circles is a mean 
proportional between the chords DE, D'E': and their 
common chord (AB) is a mean proportional between the 
Chord* BC, BC'. 


Fig. 1. Let O f O' be the centres of the circles : r, R 
their radii. Then since DBA, D f BA are each right 
Engles; DBff is a straight line and =2O0'<- 2d, suppose. 

Then DE. jD'JB'* 4Rr sin* DAE 


- 2 Rr 


(* 


r* + JF-<F\ 
2 rR ) 


«■ <P - (J? - r)* =» (common tang.) 2 . 


Also, ACB ■= ADB - - - DAB 

2 


- DAC - DAB 

= BAC'. 

Similarly, AC’B «= BAC ; 

therefore the triangles ACB, ACB are similar, 

i * 

, CJ5 

8nd AB^ BC' 


or CB.BCmAB 1 . 
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PjtOBLBM III. 

Three indefinite straight Unet intersect A| Ci 
any other straight line cute AB, BC, 
respective ty: then AB'. BC. CA' - A'B. B'C. C' A, 
the product of the areas A'BC', 8 CA , C A$P f ’ ^ 

- (A'B'. B'C'. C'A' sin A' sin B' sin C')»-4- 8 mA «0»B «*»€. 

Fig. S. We have by trigonometry, 

AB' rinC" CA' sin# -BC* ^ da A? 

CA~A^B” B’C “ sin A' ’ A'B ~ sin (? ’ 

AB’.BC.CA' 

C A. A'B. B'C m ’ 

and 8 product of the area* 

= J'CT C'flsinC'. #A'. A'CsmA'.B'C'- B'A sin S' 

^ sin gin C sin# sin 

= sin B sin C sin A 

= (A'C. A'B f . B'C sin A' sin S' sin C)*+ sin A sin B sin C. 


Problem IV, 

If a point C' be taken in any one {as AB) of three 
indefinite straight lines that intersect in A, B and C* 
and lines {as C', B', A ; ) be drawn from C' cutting 
AC, BC {as tn B\ A'), then all the intersections of 
each pair of lines (as BB', AA') drawn from B and A 
to the points of section (B', A # ) Ite in a tins that 
passes through C. 

Fig. 8. Let Bw 9 Bp be axe* of co-ordinate* : 

AB*c 9 BC**a, AC* &> BC~K BA***. 
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The equation to A f C r is ^ j = l 


^ . ar y 
.4(7 is - + - « l 
a c 


Eliminating between these equations, we have 


B'M 

BM 


x -a . 
x a 
k c 

k - c 
k c 
x 


The equation to BB! is therefore 

y.BM = x.B!M, 


k - c x - a\ 

or y . t a? . - 

7 - c x 


k 

x 


a 


a 

k c 


HO y 

The equation to AA is - + - = 1 
’ x c 


The elimination of x between these two equations, 
which corresponds to the intersection of BB! with AA\ 
gives 

y w 1 

ck + (2A - c)a m 2* - c* 

and making y-0 we have a? «= a, so that the locus of 
these intersections is a line passing through C. 
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Problem V. 

Two straight lines which coincide in their initial 
position , revolve uniformly with different angular veloci- 
ties about two fined points ; find the locus of. their points 
of intersection and trace the curve when the angular 
velocity of one line is twice that of the other . 

If these lines be one pair only of several arranged 
like the spokes of a wheel about the fiwed points , find, 
for any given position of the first pair , the curve passing 
through the simultaneous intersections of all the pairs , 
formed by taking lines that have any equal angular dis- 
tances from the first 

Fig. 4. Let A , B be the fixed points ; AB the initial 
position of the lines, of which the angular velocity of one is 
n times that of the other. Let AP , BP be the lines in any 
position. 

AP * r, PAB = 9 , AB » a. 

mi _ AP sin ABP 

Then - 77 . * ~ — 7 — - 9 

AB sin APB 

r sin n 9 

or - ■» -r — 7 — , the equation required. 

a sin (n - 1 ) 9 ^ n 

a sin 2 9 

When n « 2, r <= — : — — * 2 a cos 9, 

sind 

which is the polar equation to a circle, of which B is the 
centre, and AB the radius. 

Again, let AQ, BQ be any other pair of lines, making 
angles ky, kfi with AP, BP respectively; and let PAB -a. 

Then if AQ = p, QAB *> 9 ■* a + ky, 

p _ sin ABQ 
a " sin AQB ’ 


we have 



« 


or 


sin (net + k(3) 

P ** a sin {(n - 1) a + *(/3 - 7)} * 


and k 


0 — a 


) sin 


{(n-l)a+ - — — (0 -a)} * a sin jwa + -(0-a)}, 


which is the equation to the locus. 


Problem VI. 

If the awes of two equal cylinders of raaius (a) inter - 

, , v , , , . 16 a 3 

sect at an angle (a) the volume common to both = ; — , 

3 

the surface common to both = 16 , 

am a 

Fig. 5. Let the axes of and * be the axes of the 
cylinders, and the axis of y perpendicular to the plane 
containing them. Then the sections by the planes yz 9 
wy will be ellipses whose semimajor and semiminor axes arc 

and a respectively. 

sm a 

Now if V be the volume of a portion of the solid con- 
tained between two planes parallel to yx 9 wx at distances 
0, y from them, 

then 8 V = x sin a . 8w8y ultimately ; 

this bteing the volume of a small prism of which 8w8y is 
the area of the base, and x sin a the altitude ; 

Fa* sin a 

s? sin 9 a y* 


Now 


l. 



are the equations to the two cylinders; 

••• V = f*fy \/«’ - »’• 

The limits of w being w - 0 , and * « —— Sj 1 - 

0 Din m T 


sin a 


jr y*=0, y = o; 

Jy sm a 3 sm a 

and whole volume = — — . 

S sin a 

Again, if SS be an element of the common surface. 


$S = h»§y \/ 1 + (d,*) s sin* a + (d y *)*sin*a. 


and S = f,f y \A + (dj,*)® sin*a, (since d.as = 0) 

r A / y a 8 > n? 

= Jjf® V 1 + • s (i 


sin 0 (0 - y 8 ) 


J r a 

v ' sin a 5 


and surface CDPB » , and this also is the area of 

sin a 

surface BPDA ; 

/. whole surface common to both cylinders 
16 a 2 
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Problem VII. 


A thin hemispherical howl of given weight , partly 
filled with Jluid 9 is placed with its axis vertical upon 
the highest point of a sphere: find the nature of its 
equilibrium as respects stability. 


Fig. 6. Let R , r be the radii of the lower and upper 
spheres; p the radius of the plane of floatation of the 

M 

fluid; V its volume; M 9 — the masses of the bowl and 

n 

fluid. Suppose the bowl to be displaced in a vertical 
plane through a very small angle, so that they are in 
contact at R; A , B having been their original points of 
contact, 0 9 C the centres of the spheres. 


A OR « <p , BCR = 0; and let the vertical through 
R meet the axis of the bowl in K : then the equilibrium 
will be stable or unstable according as the perpendicular 
from R on the resultant of the forces acting on the bowl 
falls on the side of R nearer to or farther from B ; that 
is, if L be the point of application of this resultant, ac- 
cording as AL is < or > AK . 


Now 


and 


OK 

r 


R0 = r(j) 9 


sin 0 

sin ( 0 + 0) 


R + r ’ 


approximately ; 


AK . 


R.r 
R + r‘ 


Again, remembering that the weight of the fluid acts 
downwards through the metacentre, 

r M / t rp 4 \ n + 1 ^ 

M . - + — . ( h + — - ) Ah . . M. 

2 n \ 4 V } n 


Therefore the equilibrium will be stable or unstable, 
according as 


nr 

~2 


+ h + 


trp 

Tf 


is < or 


^ (n + l)Rr 
> + r 5 
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h being the distance of the centre of gravity of the fluid 
from A , when in its original position; 


Problem VIII. 

The highest point of the wheel of a carriage rolling 
on a horizontal road , moves twice as fast as each of two 
points in the rim 9 whose distance from the ground is 
half the radius of the wheel . 

Find the rate at which the carriage is travellings when 
the dirt thrown from the rim of the wheel to the great- 
est height reaches a given level . Explain the two roots 
given by the resulting equation . If the velocity of the 
carriage be less than that due to a height equal to half 
the radius of the wheels what is the • greatest height to 
which the dirt is thrown? 

Fig. 7- Let Q' be two points in the rim of the 
wheel, such th^| the foot of their common ordinAte bisects 
the radius. Then for an instant the wheel revolves about 
B with an angular velocity w ; 

and velocity of Q = w . QB 1 
A = o> . AB J 

vel. of Q QB /BN 1 
vel. of A = AB " V AB " 2 ; 

vel. of Q or Q ; « i . vel. of A . 

Again, let P be a point in the wheel which is moving in 
the direction PA 9 or in a tangent to its cycloidal path. 

BM = AB s 2 a, v ® vel. of the carriage. 
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The equation to the path of any particle projected from 
the wheel at P is 

eX t 

Y - Xtan APM - - 4 — ^ p » 0 + tan *«)» 

2 w . Jo Jl 

and the height above PM is a maximum when d x Y = 0. 

t .BP* AM* 

This gives maximum height = — — — . ~jpi 

= — (2 ax - cc*). 

2 g 

And we are to find the highest point of all the para- 
bolic paths. 

to 2 

Hence * + — (2 a a? - «*) = maximum ; 

2 g 

2 

l + — (ffl - *) = o, 

& 


4 

greatest height = a + + JZ (° + (° " S) 


g «V _ J_ 

a + u? + 2 g 2a»* 


and if v be the velocity of the carriage, 


go* »* 


greatest height = a + — - 2 + “ = suppose ; 


w* - 2 g(d- a) .v* + gV = 0 ; 

•. « a = g {d - a ± \/(^- ®) a ~ « a } * 

a « o + ~ - d T \ZdT-~2ad. 


Now 
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Now w cannot be greater than 2 a, and d cannot be less 
than 2 a. Hence at < d, and we have 

a; as d - s/d® - 2ad, 
and v 2 = g*(d - a + \/ <P - 2ad) 

*..v/S t v®^ o) 

This expresses that there is another point on the oppo- 
site side of the wheel, from which, if the carriage moved 
with the same velocity and in the opposite direction, the 
dirt would be projected to the same height. 

We observe also from the above equations that as v 
diminishes at increases; and when 

v = \/ ga, v = c 2a, d = 2a. 

Now equation (l) expresses that when d<2a v is 
imaginary, or in other words, there is no value of v which 
can make d < 2 a. Hence when v< \Zga, the greatest 
height is always the highest point of the wheel, which is 
also the point from which the dirt is thrown. 


Problem IX. 

Demonstrate formula for calculating the time occupied 
by the disk of the moon in any position in the heavens , 
whilst crossing first the vertical , and secondly the horizontal 
wire of a telescope directed to it. 

Fig. 8. Let F be the pole of the heavens, considered 
as a sphere of which C the observer's eye is the centre ; PQ 
the path of the moon's centre, whilst crossing the vertical 
wire of the telescope ; $ her declination ; AB the portion 
of a great circle corresponding to PQ : m the moon's rela- 
tive motion in right ascension ; A her apparent diameter. 
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QP 

Then - sin FP = cos $, 

‘V 

and time in crossing the vertical wire 
AB A sec 5 


m m 

So if l be the angle subtended at the eye by the 
horizontal wire, time in crossing the horizontal wire 

_ (A 4 /) sec S 
m 


Problem X. 

Assuming the known theorem 

a = b cos (ab) 4 c cos (ac) 4 d cos (ad) + #c. 

where a, b, c, $c. are the sides of a plane polygon , 
(ab) the angle between a and b, #c., prove that 

2(a a ) = 22 {abco$ (ab)}. 

Since a *= b cos (ab) + c cos (ac) 4 d cos (ad) 4 &c., 

we have a 2 = ab cos (ab) 4 ac cos (ac) 4- ad cos (ad) + &c. 

Similarly 6 2 = ba cos (ba) + be cos (be) + bd cos (bd) 4 &c. 

and c* = ca cos (ca) + cb cos (cb) + ad cos (cd) 4 &c. 

cP — da cos (da) 4 db cos (db) + dc cos (dc) 4 &c. 

&c. = &c. ; 

a 2 4 6 2 + c 2 4 d 2 4 &c. 

«= 2a6cos (at) + 26 c cos (6c) 4 Saccos (ac) 

4 26dcos (bd) 4 2cd cos (cd) 

4 2 ad cos (ad) 4 &c» 
or 2 (a 2 ) = 2 2{a6cos(a6)j. 
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Problem XI. 


If the instrument be perfect by which in surveying 
a series of points are laid down 9 from the observed 
angles which the distances between three stations in the 
same plane 9 whose positions are accurately known 9 sub - 
tend at each point , shew how an error in one of the 
observed angles affects the position of the point to be 
laid down . 

Fig. 8 bis. Let A , C 9 B be the fixed stations: P the 
point laid down: CP = r 9 ACP = 0 , A PC * Z?P (7 = / 3 , 
AC - b 9 BC - a 9 AB = c. 


r sin (a + 0 ) r sin (C + /} - 0 ) 

1 hen — — • 5 = » 

6 sin a a sin fi 

Sr . cos (a + 0 ) . sin 0 

—*=d0. . ' da. — - > 

h * at n « cin^ri 


sma 


sm'a 


Sr 

a 


COS (C + /3 - 0) 
sin /3 


sin a /Sr s _ sin0^ _ Sr sin/3 
(a + 0)\6 + °’sin*a/~ n‘ 

{ 1 sin/3 1 sina 1 sin 0 ^ 

a’cos(C-0+/3) 6cos(a+0)J cos (a +0) sin a ’ 


cos (C - 0 + / 3 ) ’ 


Sr 


&s 



sin 0 


- — Sa, 


cos (a + 0) sin a 

IT" • , 

and fcrSA - tan (C + /3 - d>) . — - — $ a ; 

r r cos (a + 0) sin a 
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displacement 


sin 0-r sing 


i sin /3 cos (a+0) + ^ sin a cos(C - 0 + /3) 


r sin 0 

sin a sin (C + a + / 3 ) 

6 sin 0 sin (a + 0 ) 

~ sin 8 a sin (C + a + /3) * 

Now if 0 be found from the equation 

b sin (a + 0 ) a sin (C + /3 - 0) 
sin a sin /3 

and its value substituted in the above eq^ition, we have 

displacement _ ab J a sin (C + j 8 ) - b sin /?} 

Sa a*sin*a+2absinasin/3eos(a+/3+C)+b 2 sin 2 /3 ’ 

Now the denominator is zero when P lies* in the 
circle circumscribing the triangle ABC , and the nume- 
rator is ab. Hence the displacement will be considerable 
when the point to be laid down is near the circumference 
of this circle. 


Problem XII. 


The tangents to the interior of two concentric and ° 
similar curves of the second order whose awes are coin- 
cident , cut off from the exterior curve equal areas. 


Fig. 9 . Let C be the common centre, CAB the 
common axis of the two curves, whose semiaxes are 

a 15 b X9 Og, connected by the relation ~ . since 

0) Oj| 


they are similar. 
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Let KL be the tangent to the interior of the two 
curves: Cp conjugate to CL: let CL meet the exterior 
curve in D. Then 


tan <p = 


W CM 
* a*' DM 


b l CN 

a*' LN' 


Hence the tangent at D is parallel to KL, and there- 
fore parallel to CP, which is therefore conjugate to CD: 
and the tangent being an ordinate to the exterior curve, 
is bisected in L. 


Let CP = 6, CD = a , 

and let w, y be co-ordinates of any point in the exterior 
curve referred to CP, CD as oblique axes : PCD = a. 

» • 

Then area DKL = 1)4 

a 

e= \/ a 2 - a?. (± 1)4 + « 2 sin _I - 

a a 

or - a 2 log,. (.» + v/V - a 2 ) } 

between the limits at = CL, at = a. 

Now if LCA = 0, 

. _ _ CP = - 

a/sin*# + h, 3 cos 2 0’ " a g s sin 2 0 + ft**cos*0 ' 

6 , h, 

and — = — , 


CL 


Hence area DKL 


or 


ah sin a 


: ab sin a 
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Now ab sin a = constant. 

Hence area KDS is constant for all positions of the 
tangent. 


Problem XIII. 

A uniform rough cylinder is supported with its axis 
horizontal , equally upon each of two elastic strings , whose 
weights are inconsiderable : the strings are equal in all 
respects and attached to points of the same horizontal 
plane above the cylinder , so that they hang vertically , 
and each lies entirely in a plane perpendicular to the 
axis of the cylinder . Find how much the cylinder 
descends by the stretching of the strings. 

Fig. 10. Let CP— a the rad] us of the cylinder, 
CD perpendicular to AC, ACP=0, ACQ- 9 + $6, n 
the ratio of friction to pressure, t «= tension of the string 
at P , p = pressure, 2 w = weight of cylinder, AP = s x , the 
original value of which was s. The cylinder descends, 
and each part of the string AD stretches, till it attains 
such a position that each point of AD is on the eve of 
motion. 

Tension at t + d^t .$9 ultimately ; 

therefore the difference of the tensions on the extremities 
of the clement PQ , the equilibrium of which we are 
considering, and which we suppose to become rigid, 
tsdet.SO ultimately: hence resolving the forces which 
act on PQ, in and perpendicular to the tangent, we 
have 

dot . Sd = fipaSO 

$9 

and 2fsin — = pa$0 

t = pa, 
d$t 

~ = ti- 



de t =• fi.pa, 
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Integrating, and remembering that when 6 t « w, 
we have 

Now let a be the quantity by which an unit of 
length of the string, and subjected to an unit of tension, 
would be stretched. Then S* units of length under the 
action of t units of tension would be stretched by aSatf: 
and therefore 

— $3 = 

or + awe* 4 **), 


or do 8 : 


1 + awe^ 9 


M l a 


+ 1)6^ 


a we^ v + 


uiiu rv — awe r 

da l 

awe^ 

1 + au)e ,xG 9 

aawc flQ 

or “ awt ?o» 


s l - 8 log fl (l + aa)^ !1 ) + C, 


and when 0 = 0, *, = 0, and from (l) s » 0 ; 


0 = - log c (1 4* aw) + C ; 

a /I + awe^°\ 

*i-*«-log f I — )> 

/x \ 1 + aw / 

and making 0 = — , we have the whole quantity by which 
£ 

fXTT 

a /l + awe 2 

the portion AD has been stretched = - log* ( — 

1 ft. ° \ 1 + aw 
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Suppose that originally AO mb. 

Then the quantity by which it has been stretched «■ haw. 
Therefore the whole string has been stretched by 



Problem XIV. 

If 0 be the angle between any two lines in space 
which attract each other with forces oc (dist.)~ 2 9 the 
whole attraction in the direction of the shortest line 

2 tt 

between them is , the mutual att action of two 

sin 0 

units of length , collected in centres and separated by 
the unit of distance , being considered equal to unity . 

Fig. 11. Let the shortest line be the axis of •#, and 
the origin its point of bisection ; and let the plane parallel 
to both and perpendicular to the axis of be the plane ocy 9 
the axis of w being taken to bircct the a^gie between 
the projections of the lines on that plane, each of which 
makes an angle *0 with it. 

Let xy% 9 XYZ be the co-ordinates of any two points 
in the lines AP , BQ, whose distances from A and B 
are r 9 r x respectively. 

Then PCP m (* - Xf + (y - Yf + AB\ 

, 0 .9 

and r cos - = a?. r sin - = «/ 

2 9 

and ABmQa 

?! cos - = X, r, sin - = - Y 
2 ’ 2 

PQ 8 = cos 8 - (r — r,) 8 + sin 8 - (r + r,)* + 4c* 

2 2 

= r* - 2r?i cos 0 + ?j 8 + 4c*. 
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Hence the attraction of an element Sr on another being 
proportional to their product 

SrSri 

( r s - 2rr Y cos 0 + r x * + 4c*) * 


Now if 0 be the inclination of PQ to the axis of ar, 
2c » PQ cos0; 

the attraction in the direction of the shortest lino 


= 2c f r f ri (r* - 2rr, cos0 + rf + 4c 2 )~8 
r — r l cos 0 1 


2c 




i ^i 2 sin 2 0 + 4c 2 y/ (r — r l cos 0) a -t- r t a sin 2 0 + 4c 2 * 
between limits r = — go , r = + co ; 

J r 1 

I -7T~~oX « 

rj lysnrO + 4c 2 

4c +ao 1 


sin 2 0 


r t a 4c a 

'i* + r^ST 


sin 3 0 


* t 

sin y 


( rj jr) 



2 7T 

sin 0 * 


Problem XV. 

complete pyramidal pile of equal shot upon a square 
horizontal base , A as irc cacA side ojT the lowest 

tier . Pi«d the dimensions of the pyramid that envelops 
and contains the whole pile. 


2 — 2 
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Fig. 50. Conceive four adjacent shot, whose centres 
form a square, the shot D being at the corner. Then if 
another shot, whose centre is E , lie on these four, the line 
DE will evidently be parallel to an edge of the required 
pyramid ; DF will be the diagonal of the square formed 


by the centres, and cos 2 EDF 


2r a 

4P 2 


1 

o’ 


r being the 


radius of a shot. Hence the inclination of an edge to 
the base « 45°. 


Now sin BC = tan AB cot ACB , 
or tan / = y/ 2, 

/ being the inclination of a face of the box to the base. 

, / 

Now r = ab tan-; 

2 


the second figure being a section of the pile made by a plane 
through the vertex and perpendicular to two opposite and 
parallel edges of the base; 


.*. ab 


~~7z (y/s + i), 


and side of base = 6 r + r \/2 (\/ + 1). 

*i*-. i (>r + r \Za (\/:i + 1) 
Altitude a= tan I 


6r 4- r \/~ (y/3 4* 1) 
y /\ 2 

volume of the enveloping pyramid 

T (6 + y/b + x/zy. 

3 
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Problem XVI. 


If a, (3, y be the angles which three diameters of a 

sphere make with each other , a = — + ^ + — , and (a) 

be the radius of the sphere , then the volume of the paral- 
lelopiped formed by planes which touch the sphere at 
the extremities of the three diameters 

4 a 3 

\/ sin a sin (a — a) sin (cr — /3) sin (<r — 7) 


Fig. 12. Let Oa , Ob be two of the radii of the sphere 
whose centre is O. Then a plane passing through these 
will be perpendicular to the tangent planes at the points 
a , 6; and therefore to their common intersection. Hence 
if ffc, be be perpendicular to Oa , Ob respectively, they 
will be drawn in these planes perpendicular to their com- 
mon intersection ; hence the angles a, /3, 7 are supplementary 
to the inclinations of the planes. 


Let OA, Oli , OC be the three edges, CT perpendicular 
to the plane of OA, OB; FHG a spherical triangle. Then 
if FK~$ 


sin G = 


sin S 
sin FG’ 


and sin£ = sin G. . „ . 

hill l bill (jr 

V — cos S cos (5 - F) cos (S — G) cos (6’ — //), 
where 2 S =* F + G + II, 

and the angles of this triangle are the inclinations of the 
planes, or equal 7 r - a, 7r - /3, 7r - 7 : 



and 2 a * OCsin S, 
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or OC 

So OB = 


a sin F 

\/ sin o- sin (<r - a) sin (cr — j8) sin (<r — 7) 
a sin G 


\/ sin cr sin (cr — c) sin (<r - jS) ;>in (cr - 7) 
and volume of the parallclopiped 
«= area COB x perpendicular distance between the planes 
= OC . OB . sin FG . 2a 

2a 3 sin /\sin G 2 

sin cr sin (cr - a) sin (<r - ( 3 ) sin (a* - 7) sin F sin G 

\/ sin cr sin (a- - a) ... 

4 a 3 


\/ sin <7 sin (cr - a) sin (a* - ( 3 ) sin (cr - 7) 


Phoblem XVII. 

If tangent planes be drawn at the extremities of any 
chord to a surface of the second order , their intersection 
lies in the plane diametral to that chord ; and if the 
chord be supposed always to pass through a given point , 
the locus of the intersections of the pairs of tangent 
planes will be a plane ; also when the given point is 
external , this locus is the plane of contact of all tan- 
gent planes which pass through the point 

Let the middle point of the chord be the origin; 
x = m % 9 y^nz its equations; and let the equation to 
the surface be 

ax* + by 2 + cz 2 + 2 ay* + 2 b' xz + 2 cxy + 2 a'x 

4* Qb"y + 2c" * + d = 0, 
under the condition ma" + nb" + c" = 0. 
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Then the equation to the tangent plane is 
(x' - x) . (ax + b'z + c y + a") + ( y -y) . (by + a'x + c'x + 6") 
+ (/-*), (c# + a'y + &'# + c") = 0, 


or since it is applied at the extremity of the chord 
a «m*', y its equation will be 

* {(ma + nc + 1 )x + • («fc + mc' + a')y' + (wa'+ m6' + c)» 

+ wa / ' + ni"+ c"} + x'a'+y'h" + # c" + d ■= 0, 

or (ma + »e' + &') a?' + (w b + m c + a) y + (n «/ + mb' + c) s' 


+ ma" + Mfc" + c" + 


*V' + y'//'+*V'+d 


and for the tangent plane at th« other extremity, 

(met + wc + ti) x ■+• (nb + me! + a) y + (na + ml! + c) s' 


„ „ x'a' + i /'/>"+ *V'+d 

+ ma + nh +c — = o, 


and adding these equations, their intersection will be in 
the plane 

(ma + nc + l!) x + (nb + me! 4 a) y + (n a + m l! + r) £■' = () 
(since ma!' J- m//' + c" = 0), 
that is, in the plane diametral to the chord. 

II. Let the fixed point be the origin, x -= m z 9 
y^nz the equations to a chord: by properly assuming 
the directions of the co-ordinate axes, the equation to 
surface may be made to take the form 

aa?+ fty 8 + cz 2 + 2a' x h- 2 l!y + 2c x + d = 0. 

The equation to a tangent plane applied at a, ex- 
tremity of the chord whose co-ordinates are x l3 y M x l9 
will be 

(ax x + a') x + (by v + V) y ' + (c^ 2 + c) % + a'x x + tiy x + cx x + <1 « 0, 
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, , . , , ,, , ax +by +cx +d 

or ( am+bn+c)x 4 a m+b n\c 4- — — =° 0...(1). 

*1 

The equation to a tangent plane at the other ex- 
tremity, whose co-ordinates arc - ct 2 , -y t , -x x , is 

(a' -ax g )x' 4 (b'—by t )y'+ (c' -cx 2 )x' — a' w^ b'y ex ^d— 0 , 

or 

* 

, , . , , , ,, ». a'w’+b'y'+c'x’ +d 

-(am+bn+c)w -(am+bn+c)i =0...(2), 


"2 


and adding the equations (l) and (2), we have for the 
locus of the intersections of pairs of tangent planes, the 
plane whose equation is 

aW 4 b'y + c'x' 4- d = 0. 

III. The equation to the tangent plane at the point 
(«v, y, x), supposing the fixed external point the origin, is 

(aw 4 a ') at' 4 (by 4 ?/) y + (cx + c) x 

= 0 , 

4 - aw 4- b'y 4 cx 4- d. 

and since this passes through the origin, it is satisfied 
by w' = 0, y' ~ 0, *'=0; 

a'x 4 b'y + c'% + d = 0 

is the relation between w, y, x for different positions of 
the tangent plane always passing through a fixed point, 
or it is the plane of contact of all these tangent planes, 
and coincides with that deduced in the previous part of 
this Problem. 
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Problem XVIII. 


Prove that the stereographic projection of the sphere 
gives a representation which is similar to the part re- 
presented , immediately about any assigned point , but 
that the scale (i. e. the ratio of any small line on the 
sphere to its projection) varies from point to point , and 
0 

is = A see? - , where 9 is the angle subtended at the centre 
** 2 

of the sphere , by the arc of a great circle drawn from 
the part represented to that pole of the primitive plane 
which is opposite to the eye . 

Also shew that if (0) be the angle made by a plane 
through each point to be represented , and the axis 9 with a 
fixed plane through the axis , and if upon any plane a 
series of points be taken whose rectangular co-ordinates 
are 

( 0\ x ( Q\ x 

x = a i tan -I cos\<p 9 y = a \tan -\ sin\<p 9 

where a , X are any constants , a projection will be made 
possessing the above property 9 the scale being now 


a\ ( 


, e 

tan - 
2 


sin 9 


where a is the radius of the spher'e . 

Fig. 13. Let 0 be the centre of the sphere, PQ 
an elementary line on the sphere, the plarfe xy the plane 
of projection, A , E the poles of this plane; 

AOP = 9 , ROB = 0 , OM « p. 

0 * 1 

a - at an - , on = - a sec* - d 0, 

r o 1 0 3 


Then 
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and elementary area of projection = $p. p<S<p 



2 


Elementary area of sphere = a* sin 03030; 

. 0 
sin - 
1 2 

.% ratio of these elements = 

2 . n 3 0 
sin 0 cos 3 - 
2 



Again, ratio of small lines 



0 

a tan - 

2 

a sin 0 



0 

2 


Hence the ratio of elementary areas of the projection 
and the sphere, is the square of that of homologous ele- 
mentary lines, and therefore the projection is similar to 
the part represented. 


II. Again, 


Q / Q\\-\ . 

df)tV sec 2 - . (tan -J cos 

Q ( 0\X-i 

d$y = a\ . ^ see 8 - . ^tan - j sin 



S7 


if $« be an elementary line of the projection, 



and scale of relation — . 

aS9 a sind 

We arrive at the same result by supposing (<f>) to vary. 
Also at 2 + y* = p* = a'^tan , 

y 

— =3 tan X (b ; 
x T 
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ratio of these small areas 

>K)7 

(a sin 0) e * 

and this equals the square of the scale, so that this 
possesses the same property as the last projection. 

A full discussion of Problems 19 and 20 may be 
found in the ThCorie Analytique du Systhne du Monde, 
par M. G. De Poutecoulant, Liv. v. Chap. 5, and Liv. iv. 
Chap. 5. 



81 


Then 1»J(«-«|)(» - <*») ... (a? - «„) 
+ Bat (at - o») . (m - a,) ... (a? - a,) 


+ £» (ar - a,) (at - o*) ... (,v - a,_,) ; 

-A + 5 1 C ...... 4* £ = o. 

Now let a? = 0. 

Then 1 = J. (-!)•. «|0* ... a,, 
and 1? + C + + £ = - 


(-1)- 1 


Now if — be the above fraction, 

. Q 

C =f r ~o' &c. = &c. ; 


°r 


-i 


(a, — Cjj)(oi — 03) . . . (01 — a„) ... (°S“fl«) 


or (- l)-‘ ^ - 5 + C + + £ 

(-1)"- 1 . 

„ ®1°8 ••• °* 



CL\d% »(• 0jj 


Again, let 

' .d B + £ 

(at— o,)(at— a*)...(<r-a„) a>- a t w-a t ar-a. 
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Then a m - A {co - o a ) • (« ** a %) ••« C® - °.) 

+ 2? (® - a,) (» - a s ) ... (a? - a.) 



+ Z. (.t> - a,) . (a? - o») ... (« - o,_i)> 

Now so long as m lies between 0 and n — 1, we have 
0 ■ + 5 + C + ...... + £ 


a a ™ 


(a, - a„) ... (a, - «„) (« a - a,) (<r 2 - «3> ... («a - «») 

+ &e. ; 

or .S' = 0. 

But if »» = » — 1 , then equating the coefficients of 
w*~ l on both sides of the above equation, we have 


Now A 


i=j1 + jB + C+ ...... + Z. 

P,=„, _ 

4r-«, Q («> - « J K - «») «„) 


" («» - fli) («s ~ «i) — («» - «i) (- l )*" 1 ’ 

S~ (- l) a - 1 (yi + B+ + /.) 

« (- 1 )-'. 



PROBLEM II. 


Jf PT, QT be two tangents at the points P and 
Q of a parabola, whose focus is S, then SP.SQ« ST*, 
and if SP, SQ include a given angle a, the locus of 

a - 

T will be a hyperbola whose eccentricity “ sec - . 

Let *** ^'1 be the co-ordinates of {f*, 

*„ y*l IQ 

y* m taw the equation to the pnrabola. 

The co-ordinates of T arc found, by combining the equa- 
tions yy, » 2a (x + a?,), yy t = 2a (ar + ar,), -to be 

a « y m v/« (n/ ■'P i + \/<p») ; 

••• ST 3 - (a - s/ > ar,a?,)’ + a (\/ x l +-\Sxl)* 

— a 3 + ar,ar, + ax t + ax , 
m (a + ar,) . (a + ar,) 

- SP. SQ. 

Again, a, y being the co-ordinates of T, we have 

y-i y» 

a - ar, a - ar, 

tana 

1 + y ' Vl 

(a — ar,) . (a — ar,). 

* v/a (a - V^® s ) ■ (\/»i - \/ »,) 

a ■ ■■■ ■ ■■■ i -— J* 

(a — «,) . (a — a,) + *sy ®,.r. 


• 

Also ar — \/ ar,ar, (2), 

yrny/a (\Zx t + v/. rPa) {*)* 


and between these three equations we have to eliminate 
ar,, ar,. 



Now, 8v / *i««y+ 

and 2 v/ «*o » y - v'V — 4«*»i 


.*. 4(.r, + ®,)--(y*-2o*) 


, — \/ t/ 2 — 4 a d? 

and v .r* — v — j 

Therefore from (1), 

+ .r c + 4 a.*} tana -2(o + ic)%/p-*axi 
y 4 - 4o.* + 2 (a + .*) cot a y/ y' 4 — 4 ax + {(a + «•) cot a}* 
«=(<? + a) 4 cosec 4 a? 

y/i/ : — t«<* + (« + a) cot a ! + 


see a 


vV - 4a * « (a + a?) tan “ , 

«r ^ 

y 4 - .* 4 tan 2 ” - ^lo + 2otan*^j a* « o 5 tan* ^ . 

This is the equation to an hyperbola whose (semiaxes)* 

are a' 1 «■ «* and h' 3 * a 3 tan’ - , 

2 

b n a 

and whoso (eccentricity) 4 ”1+^*1+ tan* - 


■ *ec - ; 


eccentricity = sec - . 



Problem III. 


Shew that 

(cos 9) m + J«w + e)j + jcoff J +... 

+ {co*(- (n “ l) ? r + fl)} 

is independent of 0 when m is lees than n, but if v 
he the greatest integer contained in the al*ove series 

can be reduced to the form 

A 0 + A x cosi\9 + A 2 co* 2n0 + ... + A r <wm0, 
where A 0 , Ai...A r arc independent of 0. 

We have by trigonometry, 

2 m “ l (cos0)" , » cos md + acos(wi - 2)0 + b cos (m - 4)0 + &e. 

s " , { c “(t +6 )} 

■ cosm I + Q\ + ecos j(»i - 2) . + #) j + &c ' 

&c. = &c. 

and each of these series terminates with a constant term 
when m is even. 

Also cos j- * + 0 j « [ cos } ; 

therefore adding up these series we get, if 5 be the sum 
of the given series, 

% m - l S = cosm0 + a cos (m - 2) 0 + b cos (m - 4) 0 + 8cc. 
+ jeos m ^ + 9 } + COS m (““S) } 

3 — 2 
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+ a^cofs|(ni-2). + 0jJ + cosj(f»-2). -0^ jj + & c * 

+ |cob m + d'j + cos m - 6 j j 

+ a£cos j(ro-2). + 0 j j + cos |(»n - 2) . ^^-0^jj+&c. 

4 constant term when m is even, 

■ cos w»0 + a cos (m - 2) 0 + b cos (»» - 4) 9 + ... 

+ 2 cos »» . — cos m0 + 2« cos (m - 2) — cos(m - 2)9 + ... 
n n 

4tj* 4 7T 

+ 2 cos m . — cos m 9 + 2« cos (m - 2) — cos (m — 2) 0 + ... 
n n 

+ &c. 

— cos md + a cos (m - 2) 9 + b cos (m - 4) 0 + ... 

^ c 27 T 4f7T f>7T > 

+ 2 cos < cos w — + co8 m — + cos m — + ... { 

1 n n n * 


+ 2a cos (m -> Q)0 Jcos (m — 2) 


27 r 
n 


, v 4-7T , . 67P , 

•f cos ( m - 2) — + cos («* - 2) — + ... J 
n n * 


+ (-cos0) w when n is even. 

But when m > n, this series besides the above terms 
will contain some of the additional terms 

Acosnd + ... + ft cos 2nd + ... +pcosr»0 

+ 2Acos«0 jeosn +cosn. — + ...{ 
c n n * 


+ 



$7 


+ 2k cos 2n $ 1 cos + cos ^ 2 w ± ... { 

4 - 

- A( Q7F { *W\ » 

4* 2p cos rtiu J cos ri% . — + cos Irn . — 1 + ... j, 


as often as the series m 9 m - 2, m-4... contains multi- 
ples of n . 

Now whenever m is not a multiple of n , the series 

Sir 47r (n — 1 ) 7r 1 

cosm. — + cosm. f ... 4-cosm. 

n n n 2 

and (» even) * 0 or - 1 as m is odd or even, and when 
m is a multiple of n 9 its value depends on m and n . 

Hence .we collect that when m<n, 

2 9l ~ l S « cosmO 4- cl cos (m - 2)0 + ft cos (m - 4)0 4- &c. 

— cos m0 — a cos (m - 2)0 - 6 cos (m - 4) 0 - &c. 

+ a constant term when m is even. 


Hence S is independent of 0 in this case. But when 
m>n, there are* besides those that vanish or are con- 
stant, an additional set of terms, viz. 

Acosra0 4- kcosSnO + ... 4-pcosrw0 
4- h x cos nQ + k x cos 2n0 4- ... 4-piCOsr»0, 
and hence S may be expressed in the form 

A 0 4- A x cos nO + A t cos 2n0 4« .»» 4- A f cos rnO, 


This may also be solved in the following manner : we 
hove in Trigonometry the equation 

(cos0) B +p,(cos0)*“ 1 +p 2 (cos 0)" -2 4. - cos nO « 0 . 

Now since cosn0 « cos (2 nr 4- n0), the n roots of 
this equation are 


cos 


0, cos^^ + oj , cos + 0^ ,... cos IT 4 - 0J. 



ss 


Now the sums of the m th powers of the roots of 
the above equation, that is, the sum of the series 

(co 8 0)™ + {cos + 0 )}*+.- + {cos (^^*+ 0 )}" 

may be expressed iu terms of the coefficients alone, ex- 
cepting the last, so long as m<n . (Hymers* Theory of 
Equations , Art. 151.) 

But if m > n 9 and if S m be taken to represent the 
sum of the m lh powers of the roots of the above equa- 
tion, we have 

+ Pi 1 + Pa S m -2 + + Ph 0,1 0. 

Hence 

ft + p v fti~l + Psft-2 + + »pn m 0* 

and ft will involve p* or cos nd besides constant terms. 
Similarly 

ft n + P\ ft.-I + + Pn ft * 


fti, + Plfta-1 + + P-^(»-l)» « °* 

Hence 

ft M will involve p w ft or cos*w0 or cos2n0, &c. 
ft* will involve p„ ft. or cos *n9 or cos 3 nB, &c. 

and S r „ p,S(,-i) u or cos r (nd) or co &rn$, & c., 

together with constant terms. 

Now the series expressing the value of S m in terms of 
£*-1 &c, amongst others will contain S K S $m ... S rt 

as often as m - 1, f» - 2 ... become multiples of n. Hence 
the whole value of S m may in this case be expressed by 

J 0 + Ji cos nO + J„ cos 2nd + ... + j4 r cos rnd. 



39 


Problem IV. 

The foci of all those elliptical sections of a right cone, 
whose vertical angle' i* a, which have the same eccentric^# 
e, will He in two conical surfaces , the tangent of the sum 

of whose semi-vertical angles «* 2c tan -. 

Prove this, and find the vertical angle of each 

cone. 

Fig. 1*. Let V be the vertex of the cone; AB the 
major axis of an elliptical section, whose foci are S, H, and 
semiaxes a, (i ; draw' II M perpendicular to VM. 

Let FAB - 9, VS A - 0, V A =• a, VB 


Then tan SVH ■ 


0 , 

SII s i n 0 
SV + SII cos (p 

SH sin" 0 


b. 


a sin 9 + SH sin 0 cos 0 ’ 


a sin (0 + 9) 

and sin0 — — - — ; 

a (1 - e) 


sin0 


and cos 0 
where A 
tan SVH « 


a sin 0 

~Va 

a (1 - e) - a cos 0 


Va 

2 aa (l - e) cds 9 + a* ( 1 - e)*; 

SH .a* sin* 0 


a A sin 9 + SH. a sin 9 {a (l —e) - a cos 0$ 
2aaesm0 

a* - 2aa cos 9 + a* - aV 
2aaesin 9 


a* —2aacos9 + ab sin* - 

2 
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Now sin 9 » sin a . — ; 

2a 

aV cos 2 8 m a* a* — a s 6*sin*a 

a 2 

« — (a - ft cos o)% 
4 

4a 2 0 a 2 4* A* — Safe cos a ; 

2aa cos 0 » a . (a - ft cos a) ; 


.% tan iSrrflT * e . « 


aft sin a 


aft cos a + aft sin 2 “ 


1—2 sin - + sin 2 - 
2 2 


a a 

sin - cos - 
2 2 

cos 2 - 
2 


a 

2 c tan — , 
2 


and SVH is the sum of the semi- vertical angles. 


„ . . AD “’(l +e ) 

II. Agame-— « a (I) 

COS - 
2 

Let K « *STO « semi-vertical angle of one of the 



41 


Then from the triangles AVS, BVS we have 
•in (2 + k) 

1 + e \S / wn $ 

’^ n<a + e)i 

kin + x\ + sin ^ - X j 

sin (a + 6) + sin 9 + e {sin (a + $) - siad} < 
sin (o + 9) - sin 9 + e {sin (a + 0) + sin 0} ’ 

tan + e 1 


tan - cot K « 
2 


tan - + etan 

2 


etan - 
2 


(H 


tan 


(H 


x4T 


o 2 a 

e 1 cos* - 


a 

0COS - 
2 


\f 1 - e” cos 8 - + e'- 


tan - cot K > 


sm - 

O Q 


.a. /, * „ a * . a 

! V 1* e.cos- - + e sin - 


Similarly the vertical angle of the other cone may be 
found. 



Problem V,. 


Two dice are placed together so as to form a 
parallelepiped i. determine the chance that two or more 
contiguous faces of the dice may hate the same marks. 

Each of the dice is so marked that the* sum of the 
numbers on any two opposite faces *= 7. And when any 
two particular faces of the dice are in contact, one of 
them may be turned round an axis in the direction of 
the length of the parallelopiped, and assume four dif- 
ferent positions : hence the whole number of positions 
of the dice which give different combinations of the con- 
tiguous faces is 144. 

Let A, B be the dice. 

First, if J's ace be in contact with B’s ace, there are 
four positions favourable to two contiguous faces* being 
the same. 

If A's ace be combined with B'i 2, 

the No. of favourable positions = 1, 


» = !> 

4 * 1, 

5 - 1 , 

6 = 2 . 


If A'a ace be therefore presented successively to each 
of the faces of B, there are on the whole 10 favourable 
positions, and similarly with regard to the other 5 faces 
of A. Hence there are on the whole 60 different posi- 
tions of tfie dice favourable to the chance of two or more 

being contiguous, which is therefore — or — . 

1 


* Those faces which arc in contact are included. 
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PnOBLEM VI. 

When two pith balls repelling one another with forces 

varying as are connected by a fine thread passing 

over a fixed point A, and are also acted on by gravity , 
find their position of rest. 

Fig. 51 . Since the tension t of the thread is the 
same throughout, the resultant of the tensions must bisect 
the angle PAQ and pass through the centre of gravity 
G of P and Q. Let c be the length of the thread, 0 
the angle which either portion AP or AQ makes with 
f 

the vertical, the repulsive force. 

T A 


Then by the triangle of forces, 


t AP 
P = AG’ 

Q 

” P = 

jQ 

P+ Q’ 


Q 

t 

AP 

c-AP' 


AG 

AQ' 


AP- 


AQ 


cP 

P+< 


. 0 ). 


Again, 

r 3 (P+ Q)* => c* (P* + Q ! ) - 2 PQc* cos 20 , from triangle PAQ 

- c 8 (P + Q) 8 - 4PQc 8 cos 9 0 ; 

(c 8 - r 8 ) . (P + Qf = 4PQc* cos 8 0 „ (2). 

Also by the triangle of forces, 

/ PG rQ 

P.r* " AG ” \/PQ y/c*- r* ’ 


f* (e 8 - r 8 ) =■ PQ . r*, 
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4/V cord 

or r* * (p + ay * from ( 2 )» 

(*fcco*9\* 

“ V P + « ) ’ 

and substituting in the above equation* we have 

2/cos0 . (P + Q) 1 « c* (P 2 - 2 PQ cos 20 + Q 2 )» (8), 

and the equations (l) and (3) determine the position of 
equilibrium of each ball. 

Problem VII. 

Supposing the earth a homogeneous spheroid of equi- 
librium , the time of descent of a body let fall from any 
point P on the surface down a hole bored to the centre 
C, varies as CP, and the velocity, at the centre is 
constant. 

Fig. 15. Let P be the position of the body at the 
time t from the commencement of the motion, a\ c the 
scmiaxes of the spheroid passing through P and similar 
to the spheroidal surface whose semiaxes are a, c. Let 
X y Y be the forces parallel to the major and minor 
axes which are taken for the axes of x and y . 

Then since the force acts in the common normal to 
all the similar surfaces, we have 

r 

X c* x ' 

X * ixXy 

c m 

where p depends on a and c. 
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Let CP = r, PCA + Q. 

Then dfr - - ft (« cos 0 + — y sin0) 


“M 


k+5^1 


/ua 1 

r 


Then 


£ be 

the value of r 

at the surface. 

R s 

[cost 9 sin s 0^ 

/cos*0 sin*0' 

an 

r* 

\ a'* + c'* j 

: , 


• 9 

ua’ 


. o t r «= - 

nr r ' 


(d,r) c * C 

ip* * 


and when t «= 0, r = R and d t r «* o ; 


i jua" at the centre, which is a 


constant quantity 
Again, 


it “ 1 

Oft “ — V “ • 

o P V JP-r* 


taking the negative sign, since r diminishes as t increases 




£ 


o\/J* 


. cos 


-i 


JB* 


Hence 
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and when t m 0 r » R ; C «■ 0, 
and 1 1 

a\/fjL 

R ir 


R f 

a^ COB 


or time to centre 


*s — . 7=r, 

« 2V> 

CO CP. 


PjlOJILEM VIII. 

?f7*era an oblique cone upon an elliptical base ( whose 
semi-axes are a, /3 and centre C ) admits of a circular 
section , if D be the foot of the perpendicular drawn from 
the vertex upon the base , and CD »= a, the centres of all 
the circles will lie in two straight lines which meet the 
base in two points , the sum of the reciprocals of whose 

distances from C ■= 

Let the plane of the elliptic base be the plane of xy 9 
the centre being the origin ; and let the plane which passes 
through the axis of the cone and is perpendicular to the 
base, intersect the base in a diameter inclined at an angle 
(f) to the major axis, which take for the axis of x. Let 
a 9 c be the co-ordinates of the vertex of the cone. Then 
the equations to a generating line are 

it - a - — - (#' - c) y (*' - c), 

x~c x — c 

and where it meets the base 





u 


4f 


Now the equation to the elliptic base » 


(of cos ip — y sin <p) 

k 2 (x sin <p + y cos (f>\ 

\ a J 

1 + 1“" 3 I 


and as the co-ordinates found above satisfy this equation, 
the equation to the cone is, 

{ (ax — cai)co8<f> + cysin0|* \(ax - cx)an<p -cycos 

- « / + t 3 / 

Now if the cone admit of a principal plane and 
therefore of a circular section, which is always perpen- 
dicular to it, it is evident that it must be the plane 
of «r&r which is perpendicular to the plane of the base 
and passes through the axis. Let h 9 k 9 /, he the co- 
ordinates of one of the centres D : then taking D as 
the origin, we have (Fig. 16 ) 

i r « ON = OV + LT = at cos0 + //, 

• y « NM « CL *= y' + fc, 

* m PT+ <T«a?'sia0 + J, 

0 being the inclination of the plane of the circle to wy. 


Hence the equation to the circle is 


[ 

c 


1 


{(asind -ccos0)a?'4* al~ch\ co%<p + c (y'+ft) sin^> 

*] 


{(asind-ccosO)®' + al-ch} tnntj>-c(y'+ Je)co»(f>" m \* 

- 

(a?' sin 9 + 1 - c) J . 


Hence equating to zero the coefficient of a> y\ since 
the axes are rectangular, we have 

sin <p cos <f> [-j-j) -0. 

Also \ck sin (f> + (al - ch) cob <f>} . c sin <f> 

« \ck cos 0 + ( al — cJi) sin ,c cos tj>. 
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9T « 

Hence 0 - 0, or <p — - ; that is,, the axis of « is 

either the major or minor axis ; suppose the former, then 
<f>mO and then km o. Hence equating the coefficients of 
at* and y’*, and equating to, zero the coefficient of at\ 
we have * 

la sin 0 - c cos #\ * . „„ c* „ v 

l — ; — ) 3= w- 

and ° — (a sin 0 - c cos #) - (l - c) sin# (2). 


Equation (2) shews that the locus of the centres are 
two straight lines, since there are two values of tan# 
derived from (l). Let 1 = 0, and let A t A, be the two 
corresponding values of h, then 

a* asin#-ccos# 
h x sin # 

«= a - c cot #. 
a* 

So — ■ a - c cot #, ; 



Now cot # + cot #, 



2a - c (cot # + cot #,). 

-^ 07 ) fro, ° 

20/3* 2oa* 

Q/v _ - - ' — . i • 

/3*-a* o*-/3*’ 




49 


* PjtOBI.KM IX 

Two weights, F and Q, are attached to a third weight 
W by means of two strings PAW, QAW, passing through 
a small ring A f below which W hangs freely ; determine 
the nature of the curve on which P and Q will rest in all 
positions compatible with the conditions of the system , and 
deduce the particular case in which all the weights P, Q 
and W are equal . 

Fig. 17. Let BPQ be the curve; A the ring; 

AP = r, AQ = r x , .4 Af = .r, jl/P « y, AW « 

AN=x\ PAW ■= c, 44 IT -4. 

Then the conditions of the problem require that the 
distance of the centre of gravity of P,Q, W from a horizontal 
pi me through A should be constant and = h ; 

. Px + Qx'+Wz=(P + Q+W) h y 
and r + z « c 9 r x + % » c x . 

Let no = /(r) be the equation to the curve. 

Then at -/fo) = /(c, - c + r) = /(a + r) 
where a = ^ - c. 

Let /(r) « M f . Then /(a + r) - « f+a , 

t 

and Pu r + Qw r+tt + W (c - r) * (P + Q + IT)/*. 

Let r = ay, « r « t» y . 

Then Pv„ + Qe y+1 + W(c - ay) - (P + Q + W)k, 

P Wa (P+ Q+W)h- JFc 

<Vn + q ^ q 

Let «• w y + k. 

4 
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Then 


«V+i + Q*V 


Wa 


if k- 


( P + Q + W)h-Wc 


P+Q 

The solution of the above equation is (Hymers’ Finite 
P i 

Differences, Art. 74.) if - — ■* ^ , 


«V/3 y -‘ 


Wa 

C + --2(y/30 


c+ q i/3-i " o3- or 


Here the constant may have any value which does 
not alter when y becomes y + 1. Suppose, for simplicity, 
that C = 0. 

Then w* = {(ft ~ 1) V ~ P}> 


or 


= Wy + 1C 


Waf 3 

” Q(ft - 0* 


. {(/3 — l) . — (i} + k 9 

a 


or ^ ~ *) + a ^} ; - O'* (**+ y s )> 

which is the equation to an hyperbola, its major axis 
being vertical. When P-sflafF, then /3» — J, and 

{4(# - k) + a}*« 4(tf 8 + jf). 


Also if a = 0 or P, Q be united into one weight 
« 2JF, and k ■= 0 or c«3A, we shall have y*=x\/s 9 or 
we arrive at the case of an inclined plane, whose inclina- 
tion to the horizon is 30°, and the depth of the centre 
of gravity below the ring is one-third the length of. the 
string, which shews that the string is parallel to the 
plane; and we know that there is equilibrium in this 
case in every position. 
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Obs. The statical principle employed in this problem 
may be deduced either from the equation of virtual veloci- 
ties, which is P&r + QSw' - Whr - 0, or (since z + r m c) 
P$w + Qdaf + W$z**O f or from the equations of equi- 
librium. Let T f T u be the tensions of the strings : if, R ' 
the reactions: 9, 0 the inclinations of the normals to the 
vertical. 

Then R cos 9 + T - « P, R j cos 0 + T x — = Q, 

T Y< 

7^ = 2? sin 0 '1\ - - R, sin <b, 

T T\ T 

T+ T x = W, + y 8 = r*. 

Eliminate R X R and we have P — Td x r Q = T x d x r x ; 

l 

Pd r w + Qd r x i m W (since r - r x « c*) ; 

Pat + Qati + Wz « constant. 


Pkoblem X. 


Three stars whose differences of right ascension and 
distances are known , have the same azimuth at each of 
two observations taken after a given interval ; determine 
the latitude . 


Fig. 17 bis. 

Let S'S'^y'y STS^y, PS'*0, tf'PS'W, SPST^a, 
PZ = 90 ° - l, PS’S m d. 

Then cot y sin <p = cos (p cos (w — 6) + sin 6 cot a'l 
cot y sin 0 » cos 0 cos 9 + sin 9 cot a J 
/. (cot 7 + cot y f ) sin 0 «= (cot a + cot a') sin 9 , 

. . . - COt'V + COtV . . 

cot y stn 0 * cos 0 cos 0 + cot a . — ^ -y sin 0, 

^ ^ cot a + cot a r 

, , g. m , ( cot vcota - cot a cot y'\ 

and cos 0 cos 9 « sm 0 — — ), 

r * \ cot a + cot a / 

4 — 2 
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cot"<f>{\ - (~ - - - C ° t p f - , ) s,m‘<p} 
* 1 \cota + cota / r * 


> sin 


cot y cot a - cot a cot 7 *\ * 


cot a + cot a 
Whence <p is known, and sin PO = sin 9 sin <(> 


)• 


/ COt-y + CTl-y - ', 

\ cot a + cot a / T 


and tan l = cos h cot PO is therefore known. 


Problem XI. 

Two radii SP, SQ of a curve are drawn so as to 
include a given angle ; find its nature when the inclina- 
tion of the tangents is constant, and shew from the 
result that a parabola having S for its focus is a 
particular ease. 

Fig. 18. Let PQ be the curve, PSQ = a the given 
angle, <f), \Js the inclinations of the tangents at P, Q to 
the radii vectorcs, y the angle between the tangents. 

Then (f> - y]/ ** ir — (a + y); 

. . tan d) - tan sir 

- tan (a + y) <=• x — — . 

1 7 1 + tan <p tan \j/ 

Let tan \|/ = «t). Then tan <f> — «e+a- 

«e+« - «e - tan (a + 7) - «e «e+o tan (a + 7), 
or «e«e+« + («fl+o - «t>) c °t (o + 7) + 1 ■ 0. 

Let 9 = ax, Me»«,. Then ug +a m v , +l ; 

• • «»+i + (v x +t ~ v„) cot (a + 7) + 1 “0. 

The solution of which is (HerschelTs Examples ), 
v, a tan J - w (a + 7) + tan -1 C\ i 
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»e = tan (- --^-^0 + tan~'C), 
a 

cos( '(J + tan^C) 

agr a 

T sin (-“--^0 + tan' 1 C) 
a 

*fr0 

Now let C ■= tan — , which docs not change when Q 
a 


becomes 0 + a ; 


it - (a + 7) a 

COS (7 

UqT a 

r . it - (o + 7) a * 

sm 0 

a 


Jog, (z 


a) a + 7 - w* 


-a , . w - (a + 7) 

log, sin — t 

— 7T a 


a+y-* • At *~i<‘ + y) 


r 1 

or - = — — — ■ ■ ■ 1 ■ — 

% , . 7r - (a + 7) . — “ — 

| sin - 0}«+y—> 

a 


the general solution. 


a » 7T, 7 = — ■ 


r 1 2 

a ~ . . 0 ~ 1 - cos 0 


r ® 

1 - cos 0 

which is the equation to a parabola with focUs S. 
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Problem XII. 


A sphere rests upon a string fastened at its extremities 
to two fixed points ; shew that if the arc of contact of the 

48 

airing and sphere he not less than Stan -1 — , the sphere 

JJ 

may be divided into two equal portions by means of a ver- 
tical plane without disturbing the equilibrium. 


Fig. Ip. Let CA <= a, DCB = 2 a the arc of contact. 

Let ACP - 0, p the pressure at P, W the weight of 
the sphere, G the centre of gravity of one hemisphere. 

The tension of the string, and therefore the pressure on 
the sphere is the same at every point,, 

pressure on an element at P^paSO ultimately, 

and vertical part = pa SO cob 0 ; 

.*. whole vertical pressure = Up a sin a = W. 

Again, the moment of pressure at P about A 

= pa SO . a sin 0. 


Whole moment 


pa*( 1 




2 pd; sm 8 - ; 
2 


, . . a W W 3a 

.*. Spar sm - *» — . CG « — . — , 
1 2 2 2 8 * 

if each hemisphere be in equilibrium; 


2 a* sin* -. 


W 


SWa 


2* 2a sin a 16' * 



5 5 



sin a 


3 

16 ’ 


and tan - 
2 


3 

8 * 


and tan a 



48 


2a » 2 tan" 1 . 

This gives the limit at which equilibrium will sub- 
sist; and hence, if the arc of contact be not less than 

2 tan" 1 there must be equilibrium. 


Problem XIII. 

When the centre of gravity is at a proper depth in a 
fluid whose density varies as the depth , an uniform equi- 
lateral triangle will rest in any position ; a?id a right- 
angled triangle may be kept with either side horizontal , 
by a couple whose moment will be the same whichever side 
and whichever angle is uppermost . 

Fig. 20. The plane of the triangle must be vertical, 
otherwise the centres of gravity of the solid and of the fluid 
displaced by it cannot lie in the same vertical line, which 
is a necessary condition of equilibrium. 

Suppose then that the plane of the triangle ABC 
intersects the surface of the fluid in VD ; AK which is 
perpendicular to BC meeting this line in V, and inclined at 
an angle a to it. 
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AN » a ? 9 NP *= y the co-ordinates of any point in 
the triangle, p the density of the fluid at the depth 
HG = d of the centre of gravity, a a side of the triangle. 

mi. a a. sin a - y cos a 

Ihen density at P = p. , 


and VN « a? + ; 

sin a y/.S* 

therefore whole mass of fluid displaced 


£fx h (•» sin a + d - -"JL- - cos O . y) 

0 r\ ( . , a sin a\ cos a . w 2 l 


,V 


between limits y = ± —7= ; 

V/3 

therefore whole mass — ^y~f* s ' n a + ^ 7 ^”) ‘ r j 

, .. . a\/il 

between limits aj * 0, a? = - - ; 

2 

therefore whole mass of fluid displaced 


j<7 2 


a= p x area of triangle 


=s mass of triangle. (See Note 1.) 


Hence if the centre of gravity be at such a depth 
that the density of the fluid equals that of the solid, 
then one condition of equilibrium t will be satisfied, what- 
ever be the value of a. We must next prove that the 



57 


cen tre of gravity of the fluid displaced lies in the vertical 
GH. For this purpose we have mass of an element of 
fluid at P 

P« * f • , a fin a\ p coso . » 

ee £ sin a + d - — j - — ye«ey> 

and ST = NG cos a - 1 / sin ct 


a cos a 

V* 


- (at cos a + y sin a). 


Moment of an element at P about HG 


pier/ • e 'cos a 

5{JrM* sin a -ycosa)- x - 
a l « V 3 

— f x f y (atcosa + y sin a) • (at sin a - y cos a) 

/ asina\ f ,, . . , r /, asinaNacosat 

- (d- -J-) /-/y^cosa + ysma) + 


Now f x f 9 (at sin a - y cos a) ■> £ a 3 sin a, between the 
limits before specified, 

£ (a? cos a + y sin a) = £ a 3 cos a, 

f x f y (atcosa + y sin a) . (.r sin a - y cos a) 


j" ^®*y — ^ ain a cos a + (»in*a — cos*o) 


at* ( 1 1 \ 

2 Sin a cos a • — I — — j =- 1 

4 VS 9 V 3/ 

a 4 sin a cos a 
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- x moment of fluid about HG 

P 


'i cos a o* sin a ( j a sin a\ « 9 

7T~r"rvr) _ 


cos a 


a? sin a cos a a 3 cos a / asinc^ 


4\/s 


osa / , i 


\/a I 


o. 


Hence the centre of gravity of the fluid displaced 
lies in the same vertical with that of the solid) whatever 
be the angle a; and thus the second condition of equi- 
librium is satisfied, whatever be the position of the 
triangle,' provided only that the centre of gravity of the 
triangle be at the depth before alluded to. 

Again (fig. 21). Let ABC be a right-angled triangle, 
whose centre of gravity G is at a distance ( d ) from the 
surface of the fluid, and one side (AC) of which is 
horizontal. 


Let MP**y be the co-ordinates of any 

clement of the triangle, whose sides are o, 6, c. 

Let p be the density of the fluid at depth (d). 

Then mass of an element « ^ (d + — - a?) and 

d 3 

whole mass of fluid displaced 

S«e«*7-» 

between limits y = 0, y = m . -) 

\ 

x = 0 , x me * 



Hence mass of fluid displaced 

-SjCMt-v} 

-S{(-t)7-v} 


£ bed 

d'~ir 


bep 

T~* 




Hence if the centre of gravity of the triangle be 
placed at a depth where the density of the fluid is equal 
to its own, one condition of equilibrium will be satisfied. 

Again, mass of an element of fluid 

o 2 c 

= ~ (d + - — as) SasSy, ultimately, 
d 3 


and moment of the whole fluid displaced 

” &*■** * %e ~ s *> • (*» - y) 


(between limits = 0, x<=c). ' » 

Hence moment of the fluid displaced 
p fsfc* /Sc^ «*\ 1 


S*V\ 

2^*J’ 
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and this result shews that, provided (d) be a given 
value, the moment of the couple which is necessary to 
maintain the triangle in equilibrium is the same which- 
ever side or whichever angle be uppermost. 


Problem XIV. 

There will always he an ellipse and hyperbola , whose 
major axes are at right angles , which have a contact of 
the third order with a curve at any proposed pointy and 
whose eccentricities e, e l are connected by the equation 


1 1 



Let hyk be the co-ordinates of the centre of the ellipse 
which has a contact of the third order with a curve at a 
given point; 9 the inclination of its axis major to the axis 
of X. 

Then if (X,Y) be the co-ordinates of any point ; X, F, 
those of the same point referred to the centre as origin and 
the principal axes as axes of co-ordinates, they are con- 
nected by the equations 

A'j - (X- ft) cos 0 + (F- ft) sinGi 

Fj - - ( X — h ) sin0 + (F- ft) cos#/ * 

and, if e be the eccentricity, 

I? - (l - e ! ) (« 2 - X*), 

or if w,y be the co-ordinates of the point of contact, 

\(y -k) cos 0 - (.t? - A) sin 0| 2 = (l - e*) 

[a* - { (x - A) cos 8 + (y - ft) sin 
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Let p - d,y, q - djy, r - d, 3 y. 

Then 

(p cos 0 - sin 0) { (y — k) cos 0 - (j? - A) sin 01 
B _ (i - e») {(» - h) cos 9 + (y - k) sin0} (cos 9 + p sin0), 

or (.v-h) {l -e*cos0(cos0 + psin0)} 

* (y - k) { - p + e* sin 9 (cos 9 + p sin 0 )}. (l) 

Differentiating again, we have 

(y — k) (l — e 1 sin* 0) — *v - h) e* sin 0 cos 9 
_ e 4 (cos 9 + p sin 0) 5 - ( 1 ■+ p"') ^ 


and differentiating a third time 

- {(y - k) (l - c 3 sin* 9) - (jv - A) e a sin 9 cos 9\ 

9 • 

= - Sp + 3e*sin0 (psin0 + cos0). (3) 

No. from (() 

y - k 1 - e* cos 9 (cos 9 + p sin 9) 

Hence from (2) 

, - . . . „ . fe* sin 0 (cos 0 + p sin 0) -pi 

(l - e* sin* 0) - e * sin 0 cos 9 { j 2T7 a r ~a\ t 

v ’ \i -e* cost} (cos0 + p sin 0)J 

(e 3 (cos 0 + p sin 0)* - (1 + p 2 )) 1 

" l ? I y - ** 


Now from (3) 




e 2 sin* 9 - e* sin 9 cos 9 


e" sin 0 (cos 9 + p sin 0 ) — p 


1 — c cos 


sin 0) - p i 
+ p sin 0)j 


- Sp + Se 3 sin 0 (p sin 0 + cos 0) 
y-k ' 



- 3p + Sc * sin 0 (p sin 0 + cos 0) 

( s • aa 8 • /» a «*«in 0 (cos 0 + p sin0) - pi 
<l -e sm*0 -e*sin0cos0 .- — . a , — w — -4-^f 
l 1 — e* cos0(cos0 + p sin 0)J 

* e 2 (cob 0 + p sin 0)* - (1 +p') 

^ {c* (cos 0 + p sin 0 )* - (1 + p 2 )} 

= — Sp + 3e*sin 0 (p sin 9 + cos 0) ; 

**• ®* j-j ( cos ^ + J 3 8 i n 0) 2 - 3 f sin 0 (p sin 0 + cos 0) j 

1 + p s 

- - 3 P + -~r- • r - 

Now for 0 put 90 ° + 0, and put - e, 2 for c 2 , then 

- e* |jj (p cos 0 - sin 0) s - 3 cos 0 (p cos 0 - sin 0) j 

„ 1 +p 2 

• - 3p + — ~ . r. 

9 

Add these two equations, then 
{ ~ , P + . 

" £ i 1 + P*} “ 3 P > 

1 1 

•** ? “ ^ " ** 

Now 6, is the eccentricity of an hyperbola, which has 
a contact of the third order with a curve at the same point, 
and whose major axis is perpendicular to that of the ellipse. 
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Problem XV. 


A conical surface will intersect an eUipsoid in two 
plane turves or none ; and when the vertex of the surface 
is fixed, the intersections of the two plane sections will all 
lie in one plane . 


Let the vertex of the cone be the origin, and the line 
joinipg the vertex and the centre of the ellipsoid the axis 
of #; then the plane of xy may be so assumed that the 
equation to the ellipsoid may take the form , 


a? 

la 




a 


a, / 3 ) 7 being three semi-conjugate diameters, and d the 
distance of the centre from the origin. 


The 'equation to the cone is homogeneous in this case, 
(Hymers’ Geometry , Art. 1 63 ), and may take the form 

ax 2 4- by 2 + x 2 + ay x + b'ax « 0. 


Suppose these surfaces to be cut by a plane 
x » Ax + By + C ; 

then the equations to the projections on the plane ay of the 
sections will be • 

** y 9 (Ax + By+C- d \ 9 

? + 3 , + V v ) 

and am? + by 9 + (Ax + By + C ) 9 + ay (Aa + By + C) 

+ b'x (Ax + By + C) ■ 0. 

These must be identical Hence equating the ratios 
of the coefficients of m and y we have Au-Bb': hence 
equating die coefficients of xy, we have 2?«0 and then o' «= o. 
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4h« other coefficients we have 

i + ~a + + (0 

ck y 

. p-ft . w 

s(C~«4-yMC + c*') (a) 

I 

fC - d\* 

(— J- 1 "^ - ^ 


Hence 


And the equations 

(C-d\* C 

[ y j "'“ft/ 3*’ 

«» + y“bW (a ***‘ At b}> 

give two possible or impossible values of A and C 
Now, from (S), 

add from (t), 

&*(C-d) A 2-4 + 6' 

~ o~ y“'*F 
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Therefore, from (1), 

. d ± K /~‘ — 

1 A* a A * 2 A* /bp* V 

«* + y “ bfi* ~ bp* + y \ ± Ay / — 

y J 

The two values J l9 A^ of A arc those given by the 
positive and negative signs in the above equation. 

Let their coefficients be L ly and let the two 
values of C be C h C 2 ; then the equations to the two 
planes are 

z *3 A^cc + Cj) 
z = A r t + C 2 j 


{L\ — L^z = (L\A X — L 2 A s )iV ■+■ L\C\ — L 

Now L\A X ** L„A., 9 since each = \/ a l 1 • 

V h(i‘ a 3 

(Z,! - jL,)# = A.C, - LgCj. 

Now the only constant in the equation to the cone, 
involved in L xy L g is fe, and since «' = (), we see evidently 
that the plane is a diametral plane and contains the 
axis of the cone, and the coefficient b of y 1 will not 
alter as this axis alters its inclination to the axes of 
x and z 9 since the cone will remain in the same position 
relatively to the axis of y. 

Hence the above is the equation* to a fixed plane 
parallel to plane xy 9 and contains all the lines of inter- 
section of the plane sections. 

Similarly, if A = 0 or the axis of the cone be in 
the plane yz 9 there will be a corresponding plane. 

The other condition of the identity of the equations 
gives no result, and is therefore not to be considered. 
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Problem XVI. 

The sun's spots , when observed through a powerful 
telescope , exhibit phenomena which occur in the following 
order . Immediately surrounding a dark spot is a light 
ring ; next to this appears a darker , usually called the 
penumbra , which is bounded by a yet darker line ; then 
again a light ring 9 brighter than the general body of 
the sun , into which the alternations of light and shade 
at length subside . 

How does this appearance favour the hypothesis of 
actual eminences of the sun's body exposed to view by 
fluctuations in a luminous atmosphere , and seem at 
variance with the supposition of a dark body sur- 
rounded by a cloudy as well as a luminov * atmospherical 
stratum ? 

The first of the hypotheses stated above is due to 
Lalandc, the other to Sir William Herschell. Many 
ingenious conjectures have been made respecting the 
nature of the sun’s spots. Some have supposed them 
to be solid bodies revolving very near its surface, others, 
the smoke emitted on the eruption of volcanos, or a 
scum floating on an ocean of fluid matter. But the 
fixedness of their position on the sun’s surface and their 
regular revolution render these suppositions very impro- 
bable. Dr Wilson of Glasgow conjectured that they 
might be cavities in the body of the sun, seen through 
breaks in a luminous shell of matter not fluid ( Phil . 
Trans . 1774). This opinion was however opposed by 
Lalande as being insufficient to explain the appearances, 
and he replaced it by the one given above. 

It is now generally agreed that the sun’s spots are 
actual eminences of the sun’s dark body exposed to 
view by the agitation of a luminous atmosphere. The 
difference of opinion is in the method in which this 
disclosure takes place. Sir William Herschell ( PhiL 
Trans . 1795) maintained that the luminous strata are 
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superposed on a cloudy stratum, beneath which is the 
dark body of the sun. When these strata are partially 
removed by fluctuations in the atmosphere, the upper 
more than the lower, the body of the sun which reflects 
no light forms the central spot, while the partial reflec- 
tion from the cloudy stratum causes the penumbra. 
This hypothesis however requires that the penumbra be 
uniform in its shade; and all observers from Cassini 
and De la Hire bear testimony against this. 

The other hypothesis supposes no cloudy stratum, 
the central spot is the dark body of the sun, the pe- 
numbra is the shadow of the eminence, the external 
bright ring is the brink of the luminous wave. The 
alternations of light and shade arc exactly those which 
would accompany a shadow. This is a much better 
method of explaining the formation of the penumbra, 
than that of a cloudy stratum, or that it is the shoaling 
declivity of the eminence seen faintly through a thin 
stratum of luminous matter. This subject will be seen 
fully discussed in Montucla’s Histoirc des Mathanatiques , 
Liv. iv. p. 7; La Connaissance des Temps 9 1798; and 
Memoires de C Academic, 1770'. 


Problem XVII. 


Prove the following formula : 
AUx^rAL-jxH - 1 t»e- ts 


V/ 7T 


r d n e 1 * 


- v-m - 1 

Find 0 [“- 

A (l + x") r 


and thence shew that 


\ 




. \°f?y n - m - l e- xn } 


. IttTT 

vrsm — 
n 

5 — 2 
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If G(X)=0(i) represents the generating function of 
(X), then 

-.p G (e'* x j£t* x X), 

a - /og-,t JX 7 

, and = G fa*" 1 2^) , 

1 - at V a x / 

Apply the last two formula ? £<> A-o/ae fciy the calculus of 
generating functions the linear differential equation or 
equation of differences of the n 1h order when all the 
coefficients are constant , and the second member = X . 


I. 13 y Finite Differences, 

A f x n = (. v + r) n - r (.v + r - 1 )" + ^ (a? + r — 2)** 

1*2 


+ T «"• 

Now let = 0. 

Then 

AU*" - ** - r(r - l)" + (*• - 2)" - &c. a r. 

Again, 

A* - " 1 a’*" 1 = (r + r - l)"” 1 - (r - 1) . (a* + r - 2) n ~ l 

+ (* + r - 8)-' - fcc. * 


Now let x = l. 

A'*l .T"-* = r"- 1 - (r - 1) . (r - l)* -1 

(rj2l)_ : (r - a) _ 2 _ fc c . ± 1# 

1 O V 7 

And 

r a— 1 = r" - r(r - l)» + r (r - 2)* - &c. ± r ; 

1.2 
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II. Again, 

- (« - lU*-V“} ; 

<r‘* = 

So -ft-'e-*, 

si 

&c. =» &c. 

-*f t +m t*e- p = ^ “ X f t +K e~ i3 = when n is even, 

t e -t a = _ 1 6~ p (t = ^ co) = 0, (« odd); 

ftPc- 1 ’ = .(» — !).(»- 3) 3 . 1, (n even). 


Now e <<+ * ) * =» e l ". e’**. e** 

«»jl + 2M + £“ > ‘ + j 

*j, + A« + <f>\ + fi£ + 

W (I) 

6*7*" 

Now is the oivly term involving A" in the second 
member which does not vanish when /*= 0; 

. d . 6 t ._ 1 - 2 - 3 » 

• • a /= o € - n 

1 . 2.3 - 

2 

=s 2*. 1 . 3 . 5 (n — 1), (n even) ; 

and tf" =0 t <3 « 0, when n is odd; 

. -j- _ c l 3 

• • Jt 1 e a ^o C • 
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assume 


III. Again, to reduce the integral 0 /* . 

Jx (1 + i Vj 

P = 


(i + <c*y 


*V m ” 1 


Then d x P = (i + {m(l + .r") - (r - l)***”} 

^ii-1 ^tn — 1 

= (w-wr + w). v .+w.(r-l).T- — 

V ' (1 +.l' n ) , -‘ V ’ (1+A’") r 

„ rm a!" 1 - 1 tir — m - n „ /•* a 1 ’" -1 


So 


„ /•» ar _nr - m - n „ rm 

J.t (l+.r”)’ »(r— 1) Js (l+a’")’ -1 * 

„ fm ,r ’“- 1 _ nr - m - 2 w „ rm 

Jr ( l +*■")’ 1 ~ n (r - 2 ) J* (i (- .■»?")’ — ’ 1 
&c. = &c. 

o rm 1 

J, (1 + .r'Y 


therefore, collecting these results, 




n .r 

X n +tf"V 


71 - m 

, - i 

o A» a 

71 

J* 1 + V* 

n — m 

7T 

n 

. 7/2 7T 

72 Sill - 
71 

results, 


i 7i ( r 

•- 2) - 7W 


(l+a M )' w(r-l) 


IV. Again, since 


» (r - 2) 

n — ;// 7 r 


71 . 7/2 7T 

ti sin - 

n 


o r« ?/ m ■’ = (» 

Jp 0 + y”)’ l 


- 7// 2 72 - /// o H - 7/7 

X X X ... 

n £n tin 


7 i(r - 1) - 7/2 1 

72 (r - 1) J 


. 721 7T 

n sin - 
n 



71 


Changing m into n - m, we have 
« r» y" - " -1 (m n + m 2 n + m 

J y (iTyT " l» X ~2 n~ * ~ 3»~ * "* 

n(r - 2) + rwl 
* n(r - 1 j J 


. niir 

n sm 

n 


Now let 


,r* .r 

y* - — or y - t - 


' Thm 

and - 1 ° h 

J v (i + yy f T M 1+ ^‘ 

Now multiply these together, and then make r infi- 
nite; then, since f 1 + — J = e** in this case, wc shall 


have 


« jWI “ 1 ^ 

kL‘ e )’U. “ 6 i Jy (i+yy Jv (i+yy 


n — m n + m 3 n — m 3 n + 7/fc 


* 7 * 7 i 




. &c. 


m 2w-m 27/ + tw 4w- m 4n+w _ 

x — • . . - . &c. 

n 27 $ 2 w 4 ;i 4 ;a 


, 7/1 7 T 

n 


7 // 7 T n-m 71 + 7/1 3n — m 3n + m 
Now cos = . . &c. 

2t» n n 3n 3n 


2 rnir m2n-tn2n + m4n-m 

— . sin — . — • — - — . & c. 

7 r 2n n 2w 4/t 

by the usual expansions; 
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a: v/**— 


2 . mir wi 7r w* 

“* • Bin • cos ■ 

7 t 2» 2n , . .mir 

«* sin* 


2 . mir 
n 2 sm — 
n 


There is, however, another method of arriving at 
this last expression. 

Let Q = +-'*-*) . Cfrf—'rl 


Now let 


y « w,r. 


Then Q - °// V®*”' 1 . 


-(U.V /* = ( M 

71 1 + W M * yT SB 00 / * 


71 V K 1 + w” 


. m 7T 

w 3 sm 


V. jy *JT - - e“‘ r A r - -fJ*d,X. 

J a a 

So U*d,X = - 6 n *d,X - - jCi"cV JT, 

a a 


&c. « &c. 


j** t , i 

l,<rx = — { x- -d,x + d/^r-stc.} ; 


•. r"f,* ttX X-- (X- d,A + &C.) ; 

J o' a o“ 
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G - - (GX - ~ Gd,X + \ Gd'X - Src.) 

v ' a a a* 

- ^ i 1 + ^iog« « + (log, ty+ &c.} 

0# i 

a 1, 

1 - -1 og,t 

<i 

••• 

VI. Again, 

2 (w,i\,) = w,2i>, - Aw,2 s v,+i + A*«,2"tJ, + a - &c. 

Let v r * 0 w, ■ .iT. 

2 («,«,) ° A", 1 ( 0 -» - i)* + &C * ' 

o r -» 2 (-)-X.- - AX. - - + &c. 

\a* I a~ l — l ( er‘ -1)* 

= - A - - - AX. -i— + A*X. - - &c. ; 
1 -a (l-«) (1-a)* 

* CvTsV”! 

_ -<P ( 0 i 

a - 1 ' J-_# 

~ at - t 
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— <f>(t) at — t 
* o-l 'at - 1 

tjpt 
1 - at' 

VII. Suppose that the linear differential equation is 

d lv + Pi y + n d l~ s y + ••• + p» y - 

and suppose that the roots of the auxiliary equation 
a H + p, o*-' + p 2 o"" 8 + ... + p„ = 0 
arc 0 |, o 2 ...a„, then its solution is 

p . «“*»* jt J^sl** - **)* ... /.e "* 1 X. 

Suppose that 

- C - + «) - CA*. 

Then G {*-“->* /.e”-' .T } , 

or G {e-°- JT e a ^Y} 

J . % 1 1 
83 0 (0 • v — • — 1 

= x (0 = GX". 

Then G («"“»-»* /, e"^ ^") ^ , 

J a H . e -\og e t 

or G j e -0 *-® f a )■ 1 Ji c( a *-> _a *) * e®* 1 JT} 


0(<). 


O, - log, < ' o„_i - log, t'a,_ t - log, t ’ 


and so on; 


(«„ - log, t ) . - log, 0 ... - log, t) 
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e 


Hence when <p(t) is known** we can expand this in 
powers of t, and the coefficient of t* will be the value 
of y. 


VIII. Lastly* suppose the linear equation of dif- 
ferences to be 

«,+» + Pi w#+„-i + p» «.+*_» + ... + p„«» = X. 

Then if « 15 a 1 ...a H be the roots of the auxiliary 
equation, 

... +p„ = 0. 

The value of u x is 

<z2>! 0 .«2 (sy.a (sy...,£ # . 

p» \«i/ \a 2 ) a / 

Now let G fo/2— 

Then G (<_, S— ) - 

\ a n-l' * “ » 

-{<-■* (5-J^ 

a,t .a^t.a^t.ipt 

(I -a 

and at last 


0 ®«0 * (1 ®»- i 0 • 0 o »- j 0 



(t n • o._|...a,f 

(1 - a.O...O -o.O 




_ 

(1 8|t) 
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and 


Gtt. 


t^pt 

(l — a„t) . (l — " «M) 


and taking the coefficient of f in the expansion of this, 
we obtain the value of u x . 


Pboblem XVIII. 


Determine the motion of two weights connected by 
an elastic string , and moving along the convex surface 
of a cycloid having its axis vertical . 

Fig. 22. Let P, Q be the weights moving on the 
cycloid whose axis AB is vertical, Al' = s, AQ m s, , 
AM = x, AN = x { , a the radius of the generating circle, 
T the tension of the string. 


The equations of motion are 


x 


p+8'j S m p+S 


2AS 

4a 


T s 

“ P* e 'Va 

T a 

and #«, = - — + £.- 
Q 4 aj 


— r(i + I) + 

Now the string being elastic, if l be its original 
length, and e the quantity by which a unit of length 
of the string, when subjected to the unit of tension, 
would be stretched, then 

5 , — 8 = ? + lei 7 , 


and p, fi_I 
le 
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+ i - «)> 

4 a 


which is a linear equation of the second order, and may 
be always solved. 


If 


-G^K-n- 


the solution is 

- s = — + c I e‘ vC * + 


in 


which if the coefficient of the second term of the dif- 
ferential equation be positive, may be reduced to the 
form 


n , — 

®i - * • — + A cos {tv m + B)*. 


However, taking the general case, 

«, = « + — + c,e ,v,_m + 

m 

whence Cj, c, are determined by the conditions that when 
t = 0, s, - a and d i a l — d,« ore given quantities. 

Now, from the original equations, 

Pd?a + Qd* ai ~f-{P* + Q 8x ), 

4a 

or substituting for dfs x in terms of dfe, 

Pdfs + Q [dfs + « - to («!-«)}»• — (Pa + Q«,), 

4 a 

* This would indicate that the length of PQ made oscillations between 
its extreme values in the time -r=. 
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or after substitution for 
dfs - ~s - p— (o 1 e lv/ ~+ c a e -tvC ^) , 


or if y a « + 


<2 • « 


/*+ Q'W 


Q g_ » 
i* + Q*4o ’ m* 


d *y-rzy 


T, a function of t 


If 



A, the solution is 


y s e~ ht f t e 2 *f f t e~ h * T, 


or after performing the operations, 

« ,+v^-. 


n 


— = o, e 


« + o 2 e 


"*V / T t 


Q 

P+ Q 


{c, e* v, “" + e 2 , 


which gives the space described in a given time by P: 
similarly with regard to Q. The constants a lt a s are 
known from given values of d t s and s when / = 0. 


Problem XIX. 

Find the nature of the curve in which every chord 
subtending a given angle a at a fixed point A shall 
also subtend a given angle /3 at a fixed point £. Shew 
also that pcosmO ** aco«(m ± 1)9 is a particular solu- 
tion where AB m a, and m is a constant depending on 
the values of a and /3* 

Let PQ be the chord; 

QAB - 9, PBA — <p, PAQ = «, PBQ - /3, AQ p. 
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Then if AQ - ug, AP °= «e+<n 

.„ d a . ,fa( »+ 

sin (<p + /3 + 9) 
dta, * sin0 

— m 1 J 

a sin (0 + 0 + a) 

therefore eliminating tan (p, we have 

cos (9 + a) - a sin (9 + «) 

m#cos(0 + /3) - a cos/3 sin (0 + /3) — o sin /3 ’ 


or 


«e • «#+„ sin (a - / 3 ) - a«e +0 Bin (0 + a - /B) + «**« sin (0 + j8) 

= a 2 sin /3. 


Let 0 = a®, «# «* then M0+,, « «, +1 . 

Then 

sin (a — / 3 ) — ae I+T sin (a* + a - /3)+ao,sin (a*+/3) 
» a* sin 


and 

«*+i {«* sin (a- fi) - a sin (a.® + a — (i)\ + ac„ sin (a« + 
= a 2 sin /3. » 


Let e, sin (a - /3) - a sin (a# + a — ( 3 ) — — 

Wjt 

Then a (sin (a* + 8 a - /3) + — -1 — — 1 — — . — 
( te, +1 J sin ( a - /3) w, 

sin(a<r + /3) f . / * v w, + ,l 

f «— r-7 sr-tatrafa* + « - 3) + > -«*sin j 

sin (a - p) t w, J ' 
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or w r+ 2 + 2a cos (4.- / 3 ) 

+ o* sin a® sin (an + a)«v*0* 

Hence, (Herschell’s Examples), 

« • * 

fp 4 ■ gin a sin2a...sin (® ~ 0® * 

(- ay {c, cos (a - /3) ® + c* sin (0 - /3)®} ; 

therefore, 

. c, cos (a - j3) (® + 1) + Cj, si n (a - / 3J(® +_0 
^‘ — osinoa.- d cos (a — /3) ® + c 8 sin (a — /3)® 

sin (a - ■ a sin (a® + a - /3) 

cos (a - /3) (® + 1) + ~ (« " P) <* + *) 

C 1 

— asina#** ^ 

cos (o-j3)^ + " ( a - P) ,v 

c i 


Now 5! may be any function of w which does not 

change when « + 1 is put for .if, or which satisfies the 
equation <f>(n) - <f>(* + 0 : substituting and reducing, we 

have * 


v, {cos (o - /3)» + <t>(*) sin (“ - P>*\ 

' „ o^cos {(a - 3)® ± «®\ + <{>(*) * in K° " P) m * -n 

+ or - according as a is greater or less than 0. 


This, when the value of x in terms of 9 is substituted 
and a for t>„ is the general solution. A particular case 
i& when <f>(®) «= 0, or generally tan(2X* »)**• Suppose 
the former; then 

p cos (a - /3)® - a cos {(a - /3)* * «*}• 

a-($ 

Let m denote the arithmetical Value of ^ • 



* * \ <* / 

- 0(m w» l), 

nri (« -,/3)<r » a# . a ~ ^ 

•\ pcoamBm acos(m J. 1)0. 


Pboblbh XX. 


i regular tetrahedron it numeable round a fixed 
vertical axis passing through two rings at the * extremi- 
ties of one of its edges; determine the least angular 
motion which will prevent the tetrahedron from sliding 
down the axis, and the coefficient of friction when the 
whole pressure upas the axis takes place at the upper 
ring • 


Fig. 23 . Let LA be the vertical edge, acb a section 
of the tetrahedron parallel to the base. La - z, ad - tt>, 
dG — y the oblique co-ordinates of an element 6 f the 
section, DEG a spherical triangle referred to a as centre, 
GM perpendicular to La. 

Let LaG»i, GaE — Q, 

4 ft the inclination of two plane ’faces, 

I of La to the plane abc , 

w the angular velocity which is just sufficient to pre- 
vent sliding, o •> an edge of the tetrahedron, R , Bf the 
reactions of the rings. * 


Then from the spherical, triangle DEG, 


caeim £co*d* 



010$ cotip. 


6 



and from the triangle DEH t cos • 

also tang » from triangle EaG; 

* 

cosS-r. . 1 s . *C 1+ ^?T7 C08 ^ 

V 1 + (£^-y)* 


2V«*-jry + ^’ 

3/p* — 44Py + 


and sin*S« 


^(af-wy + y 1 ) 


V5 


. < 5 » sin /, 


Now mass of an element at G 1 
centrifugal force of this - ^ sin 7 ’ “ G 5 * "* 

.!f^8in/J®M* f V(»"s) + 7 ; - 

therefore whole centrifugal force 


( y * ON 
between limits ^ = ^.J’ 

between limits (21 «)» C-«)* 



Now this being altogether perpendicular to the edge, 
balances the reactions of the rings; 


and the friction just balances the weight. Hence 

*<•♦*> 0i ’ 

and since sin / » v- , 

l n a f y- v/3 + U , v 

«• 

II. Again, if there be no pressure at the lower 
ring, the moments of the weight and centrifugal force 
about the upper ring are equal. 

Now moment of an element 

W holyhtw&I \/ +~(x -aG.coaS). 

Hence whole moment of centrifugal force 
w*\/» 




a* 

* 7 ** 


_^ 88 i n /^/,/ l ,t\/ ( y “f) + lr 


4 
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«WV'5 i d (v£ti)l 

“ 3 j'.|8 4 1* * \y/*~Vl . 


ur sin 


W$ « 




sin /%/so 1 
192 ~ 




Now the perpendicular from the centre of gravity 
on the axis* 

2\/2 

go* 

moment of weight • — ' 

«■ 

Again, from the mechanical equations, putting A' =0, 

fi _ sin/. v/S. 

8 " a 

ft ■ \/ 2. 


This gives the value of n, that there may be .no press- 
ure on the lower ring* < 



Pnoaiui S,X{, 

the sum of the squares of Ike projections of any 
three conjugate diameters of an eUipeoid (tekoee semi- 
amee are a, fc, c) upon a given principal diameter it 
constant : arid the tangent planet, at the extremities of 
three conjugate diameter *, intersect in an eUipeoid tekoee 
equation is 



We shall first prove the following property of the 
ellipse, that the sum of the squares of the perpendiculars 
let fill from the extremities of two semi-conjugate diame- 
ters on any diameter, is constant. 


Let w 0 , y 0 t —a?,, y, (Fig. 24) be the co-ordinates of 
the extremities of qny system CP, CD % or o' h' of con- 
jugate diameters, CL any other diameter, 

PC A ■ ip, LCA m 0, DC a « yp. 

Then PVma'dn'icp-ff) 

■*= a* (sin* <p cos* 9 4 cos’ <p sin* 0 — ! sin 0 sin cos 0 cos <p) , 
DS*e* 6'* (sin*^ cos*0 4 cos’ t|/ sin* 0 4 2 sin 0 sin^cos 0 cos^r); 
.-. PV + D& 


: fe*co8*0 4 o*sin*0— 2sin0cos0(a'*sin^)cos^>-6 , *gin\^cos\//), 
because a' 8 sin* <p + b n sin* p — 6’; 

jPft*4JJ«S , -^-2nn0cos0(y o » o 4y 1 « I ). 


Now t/i 


ba 0 

■ ■ ) ADu CC\ 

a 


«y«. 

b 


y\*>\ 


PV + DS* .. 


o*tf 

CL'' 




which is constant for all systems of conjugate diameters. 



Now (Fig. 25) let Ow, Oy, Ox be three principal 
diameters of the ellipsoid, Oat', Oy', Ox three Bemi-con- 
jugate diameters. Suppose the plane of a/ y' to inter- 
sect the plane AOH in OB at an angle 0, and the 
plane x'OZ to intersect the planes at y\ and AOH in 
OF, OC, then the systems (Ox, OF) (OB, OC) are con- 
jugate. 

Let x„y 0 x 0 , w,y x x„ a,y a x, be the co-ordinates of 
the extremities of the three semi-conjugates (a'b'c). 

Then x 0 «= a cos at x « a' sin F B sin 0 (v xBm go 0 ), 

- b' cos y' x « 6' sin y B sin 0, 
x, - e cos xfx-, 

%* + » ,* + x‘ = sin*0 (o'* sin* at’B + 6'* sin * y R) + c'*cosVar. 


Now sin 9 


sin CF 
rinFfi’ 


and a" sin* at B + b '* sin* y'B 


OB * . OF\ sin* FB 
0 B*~ 


m OF* . sin* FB ; 

#„* + + x ,* -» OF* sin* CF + c* cos 8 *'* ® o*, 

by a property of the ellipse previously mentioned. 
We may write the above Z* • c*. 

Similarly Jf'-o*, r*«6*. 


II. Again, the equations to the tangent planes arc 


a>*t 



xx 0 



m 


Square these and add them, taking notice that 
+ *1* + *«*- «*. 

Then 

«*«*** 2x» . ■ 

? + ? + * * lVl + * ,y,) 

2 

+ ^(%*o+y i * i + y**») 

Now the tangent plane at the point (» 0 y„ * 0 ) is 
parallel to the plane containing the other two points 
(j?j y x #,) (a? a y, * 8 ) and passing through the origin : hence 
equations (l) give us 

®o*i , y a yi , *q*i ft 

7 7 o* 

*o*» && »o*»_ 0 

o® 6* e* 

and ^ + ^ + 

o» + 6® + o* 


Square these equations and add them, and 


*£ 

«* 


+ 



+ 


8*oyo 
a* 6® 


(*o 


y« + »iy» + 



- u 


••• 5§C* 0 y»+*iyi+**y») 
+ *1*1 +*«*»)) 


o. 



Similarly, 

/r, v. . «, a, , 

K y 0 +*>yi + r *f*)+-^»(' 

and 


l)+ *Sr 


,)»o, 


^rfr(*®y® + *»y> + ^a l®») 't" (”•**•) + 

. (n go +^igi + «t y*Y . (*o «o + <*i g| + *« *») 8 
a* 6 * a*d* 

. (y»* 0 +y»*i +y**»)' „ 

+ — w? — 01 

®»« 0 + »|», + JTj*,- 0 

yoWo + y^i + y **®* 0 

Therefore, from equations (8), we have, for the locus 
of the intersection of the tangent planes, the ellipsoid 


•v* y* ** 

- + « + j ' 


s. 


PtOBlEM XXII. 

Two points A, B in a surface of the second order 
are joined and produced to C: from any point P in 
the eurfacty draw AP meeting the plane of contact (of 
the enveloping cane whose vertea is C ) in the point Q: 
the locus of the intersections of CP, BQ will he a sur- 
face of the second hrder. 

Let C be the origin, CBA the axis of «: then the 
equation to the surAiee tatty assume the form 

«** + 6y* + c** + ia'xy + fio"» + th"y + 8c"jr + d - o, 
and CB, CA will be given by the equation 
an* + s» M « + d - o* 



£et CA -p, CB»q, «, y, * the «HX#Mn of P. 
The equation* to AQ, ere 




w 


Now tlie equation to' a tangent plane to the surface 
at the point (ary*) is 

(» - *) (oar + o") + (y' - y) (6y + o'* + 4") 

+ (*'-*) (c* + o'y + c") ■ 0, 

or x (am + a") + y'(6y + o'* + b") + *' (c* + o'y + e") 

+ o"« + 6"y + c"* + dm o, 

and if this passes through C, it is satisfied by ®'-o, 
y-o, *'«0; 

b'V+ + d" 0 

is the equation to the plane of contact. 

Hence for the point Q(*iyi*i) we have 

o"(p + *,) + 6" |*i + o"*i + d m o, 

« 

- (d + o"p)* 

and af| ■» —jf -jf jj— — jf- » 

ft 90 + O y 0 Jg mm |g jp 


So 


y« 


-(d + *"p)y 


a"* + b"y + c"x - ’ 

- (d + o"p) (* -p) 

And 


ir ♦ 


O + 4"jf + - V'j> 


The equations to fiQ are 



when »i, y,, «i have the velum above found, and the 
equations to CP are 


V- 


V 


x 



•(*)• 


Substituting in equations (2), we have 
- {a> -q).(d + a"p) ^m(p-q). (a"n + b"y j. c"x - a"p) 

-(d + a"p).(a>~p) (4), 

and between equations (3), (4) <ind the equation to the 
surface we have to eliminate a, y, s. 


Now 

(q-<B').(d+a"p)% - (p - 9) • + b "~> x + c"x - e"p) 

-<d + «"p)Jw, 

or »{(</ - a?') . (d + a'p ) -(?-?)• («'V f fc"y' + e'V) 

+ (d + a"p).v'} a - (/> - q)a"px’, 

nr «"p(p-<?) . 
or # « J JJf y 


where J*q(d + a'p) — (p — q) • (a'V+ 6"y' + c'V) ; 




a "p(P - 9) . 

i 


»' a"p(p - 9) 

d? • — ; # * j *r . 

x A 


Substituting these values in the equation to the 
surface, we have 


{o”p(p - 9)}*. (a®*+ by' t + e»'*+ SoVy') 

— 2a"p(p - 9) . («'V+ 6'V + c'V) .d + dj* a 0, 
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or we have for the locus of the intersections of CP, 
BQ the surface of the second order whose equation is 

W'P(P - ?)}*• («#’+ W* + ex’* + Itax’y) 

- 2a”]i(p - q) , (o'V + 6'y + A') x 

{?(<* + A) - (|> - *) • («V + »Y + A')} 

+ d^fd + a'»-(p-< ? ). («V + ftV + A') } • - o. 

Problem S3 is discussed in Prof. Miller's Crystallo- 
graphy, Art. 28. 


Problem XXIV. 

A pencil of rays is incidetit parallel to the axis x 
of an ellipsoid whose greatest and least axes are a and c 
respectively ; find the natifire and limits of the two curvi- 
linear boundaries of the portion of the plane xy through 
which all the rays will pass, and shew that if c, o', e" 
be the eccentricities of the principal sections in the planes 

xy, xx, yz, respectively, and /u — * , the boundaries will 

cue 

be two ellipses whose semiaxes are ae"*, be" 2 , and 

be"; but if all the rays will pass through a 

e 

portion of the arc of an ellipse, whose semiaxes ate ae', 
be", included between the vertex and a> double ordinate 
cae 

at a distance . from its centre . 
b 

X-x K-p Z-x, 

Let — - n — — — be the equations to the 

cosa cos/3 cos<y 

refracted ray incident at the point (ay*) of the surface, 
ip the angle between this ray and the normal. 

-p cosa- 9 cos /3 + cosy 

%/ 1 + p« + y 


Then cos^> 



$2 


Nov 


r + ^— 1 i+p’+j 1 ]• 

1 + g*-/»* J 1 +p* +g* - (poos a + g cos /3 - cos 7)*} 

Now the equation to the normal plane being 
_ b 9 * v 

, cos -7 Z-* 6* * 1 

we have 3 “ 

• cos p Y - y c* y g 

Also cos’ a + cos */3 + 008*7 - 1, 

cos a , . t 

or ■■ vl + g*. cota. 
cob 7 

Now from (1) we have - 

(a**- l) . (1 + g*) + fi*p' - a* (p cos a - \/ 1 + g* sjn a)*. 
Hence 


{(a J - 1) v/i+g 5 cot a + #i*p}*- mV+ (m # - 1) . (1 + g*) ; 
cotay/T+V- 

M - 1 

Hence the equations to the refracted ray are 

X -.. z£z±SM I 

M “ 1 

r-y--g(Z-a). 

And when the ray meets the plane of Z« 0 and 
v . M‘PTVMV+0i , -l).(l+9*) 

A m + — ■ ■■ 1 

M - 1 


F-e'V 



TIonitA 


«»'*’ v “ ”&»■* 


„ f. 1 «* A /piV >-l t ,„ N 

Nov as a diminishes X decreases, and hence we 
shall obtain the interior boundary by making » - o and 

«* *' 

S+7’- 1 * 

This gives 


»• ,/TR)' 

V^iCT V h* + 


••• 




Now if n m thei 


” V 


fc* 
>-3 


cae 

•T* 

Hence the interior boundary is an ellipse whose semi- 
axes are he" and . The exterior boundary will be 

«* «* 

found by putting x-o and + |j- 1 in equation (2). 



fl 


Hence we ha^ 


XmW { l ~ o^Tp} " + V sr '- (4 


1 ._ M* O* . . 


Now when /**- or — » t*, this becomes 

£ tt — 1 o* 

/,!? 

A" = e"*# — “V -S“75 + i:*r * ~ a 

u'-l v OMfl - 6 


Jtt - 

\ e x — 


fcv^ /.* 


(*\-/l, 


■’w 1 ' 


Hence the exterior boundary is an ellipse whose semi- 
nxe , are fle" a , be\ 

II. Again, in equation (3), let n = - , and w< 
have the equation 


v, elli,. lEl-, 


..a _ i i 1 

nr since - - . -j—j - _-, s , 

the interior boundary is an ellipse whose semi-axes are 
as' and &•". 

In equation (4), let m * A > &**»* 


_r 

c* A / 6* cV 

“u*-1 V a*-^ fc 4 (a*-®*) 


* 



Hence the two boundaries merge into an ellipse 
whose semi-axes are 

* / c* 

a V 1 — :* ae' and be". 
o* 

But y cannot be >b\ 

Y >e" z h; 

therefore, from the above equation, 

jf* cannot be < (a* - c*) ( 1 - -3-J , 

<(«^-o') p, 

c* a* e ’ 1 

< 6 ' 5 

cue' 

• * al 41 P • ^ _ • 

o 

Also, y <0; 

Y .... < 0 ; 

X >ae\ 

Hence, all the rays pass through the portion of the 
arc of an ellipse, included between the vertex at the dis- 
tance ae' from the centre, and a double ordinate at the 

cae' 

distance — 7— from the centre. 

0 
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Problem I. 


The advance of the hour-hand of a watch beyond the 
minute-hand ie measured by 15$ of the minute divisions, 
and it is between nine and ten o'clock ; find the exact 
time indicated by the watch. 

Let x m number of minutes past 9 o’clock. 


Then 43 + — » number of divisions the hour-hand is 
IS 


past 9; 


\ 43 + — - » m 13$ < 
18 3 


47 


IS* - X m 340 *• 188, 
S52 

or X rn m SS ; 

11 

therefore the time is 88 minutes to 10. 
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Problem II. 


Eliminate 0 and . from the equation e 

+ (1)> 

+ * /* 


b* •v* 


<md C« ^ sin fp cos <p cos i . (s). 

We have 

- - _ 1 1 tan*« 

A sec 9 1 + B - ~ ~ + — r- ; 

or b* c* 

; i*i-M 

•\ sec 2 1 « — ■■■ — ■■■■■ ■■ . 

, . . . tan*. sin*0 cdb*#l 

Again, A sec*. - J + ^ 

and B -*&- + **+ 1 
a* A* J 


B — A sec*. + 


. t tan*. /I 1 \ 
4sec,+ c , -^__^Jcos20. 

» 




tan*.\ * 


4 C*sec*« + ^ 2 ? — sec*. + ~~ Jr ^ 

^£±±1 

+ (-?)' ' 


J -7 
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PROBLEM III. 


A given quantity of mercury is taken out of the 
tube of a wheel -barometer ; find the corresponding error 
of the index. 

Let if, r be the radii of the large and small tubes 
respectively, and let the volume of mercury taken out 
= ' jrltrd . Then since the pressure of the air, or the 
distance between the surfaces of the mercury in the tubes 
remains the same, the mercury will fall in the smaller 
tube and rise in the larger, so that the elevation und 
depression together = d . Suppose a?, y these * spaces ; 
then .v + y = d. 

Also 7 r « 7ri?*y, 

r* 

a,,d y m j { i( d -yh 


y 


dr* 

R t +r 1 ‘ 


Hence the ball floating on the surface of the mer- 
cury in the larger tube will on the whole be depressed 
by d — y, and the wheel whose radius is p, around which 
a string connected with the ball passes, will revolve 

d — y 

through an angle , and the error of the index 

P 


d R' 


d R* 
~p'R* + t*' 


180 

7T 


degrees. 
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Problem IV. 


An inewtensible string hinds tightly together two 
smooth cylinders whose radii ate given; find the length 
of the stringy and the ratio of the mntval pressure 
between the cylinders to the tension by which it is 
produced . 

Fig. 26. Let By r be the radii, OP « a the distance 
between the centres of two circular sections, 0 the in- 
clination of LO to OS. 


Then LM 2 = NR? ~ a* - {R -r)\ 

- n R~r 

and cos 0 a ; 

a 

LkN = 2tt« - 2R9 = 2# |tt - cos'’ {~^j J , 

and MVR . Sr LOS ~ Sr cob-' i 

therefore whole length of the string 

= 2 \/ a* - {R - r) 4 + 2 irR — 2 (R - r) cos" 1 ^ ^ 


Again, if R be the mutual pressure at S , T (he 
tension of the string, then 

2!Tsm0~ Ry 


7-2 



Problem V. 


If Q be the angle which the focal distance to any 
point of an ellipse makes with the tangent , and <p the 
angle between the lines drawn from that point to the 
extremities of the axis major , then 2 tan 9 *etan<p. 


Fig. 27. Let BY, HZ be perpendiculars from the 
foci, x, y the co-ordinates of P, a , b the semiaxes of the 
ellipse. 


Then tan STP 


SM 

CM 


BY- HZ 
YP + PZ 


ex 


tan SPY, 


or tan 6 


a b* x 
ex a*y' 


Again, tan ■» - tan ( [PAC 4 PaC) 



a + x a - x 


1 


y‘ 

a* -x* 


y Salt 1 

st. s 

= — * - ; 

««y 

2 tan 0 = e tan <f> 


Problem VI. 

If c n '*y* - (x - a,) . (x - aj) ... (x - a n ) be the equa- 
tion to a curve , it cannot have maxima and minima 

ordinates for more thanj^ ~ 1 values of x when n is 

*Z 

n-i 

even, nor for more than values , when n is odd. 



|01 

When » is even. In this case a may have any 
negative value* and any positive value greater than a H . 

But in order that y may have real values* the 
second member of the above equation must be positive. 
Hence the positive values of x<a n must lie between 
0 a l9 a % a z% 0 i 0 5 *«..0 1 ,-|0 ll _i. The curve therefore* in this 
case* consists of two infinite hyperbolic branches* between 

which there are ~~ or ^ - 1 loops, as in Fig. 29. 

Now evidently there can be no minimum ordinates, 
the condition for which requires the existence of ordi- 
nates on both sides of them ; and since each loop gives 
a maximum ordinate* the number of corresponding ab- 
scissae cannot exceed — - I. 

2 


When n is odd. Here w cannot be negative* but 
the equation gives possible and increasing values of y, 
while #>0,. In this case then, wc have an infinite pa- 
rabolic branch which can give no maximum 'or minimum 


ordinate; and 


n - 1 


2 


loops, corresponding to values of x 


lying between 0,0*, each of which gives 

a maximum ordinate, but no minimum, for the reason 
before assigned. Hence there cannot be maximum or 

minimum ordinates for more than ~ — values of a. 

2 ► 


Pboblem VII. 

Two imperfectly elastic spheres attract one another 

with forces varying as ^ : find the greatest separation 

of their centres after $ impacts , their original distance 
, being given. 



ins 

’Lei d be tbe original distance .between tbe& opttreB, 

H 

R tbe sum of tbeir radii, < 

f»i m„ their masses, 

a?,ar, tbeir distances from tbeir common cdlltre ‘of 
gravity, which remains at rest, at tbe time t , 

0 , 0 , tbeir velocities, 

f the mutual action of tiro bodies, each of a unit of 
*niaas, and separated at the unit of distance. 

Tbe equations of motion are 

A d I ffli ** — -g - 9 Oj <Pg ® ^ * ir t m CSi 4- flg 9 

d t t 

2 m, d, s .Vi d, #, + 2 m, d t s <r P d, *, = - 2/ira, m 2 - , ; 

2/ m, ntj 


m 


m, o,® + m, o,' - Ch 




<Ca 


8 / TO, *»J 


m 1 0 ,’ + m 2 o 8 * — 2/tn, to 8 (; ' s) ( * ); 

Again, m, o, «= m, o,. 


and o,* 


t lf m * 

mi 

2 /*»«* p 




l», 


P »»1 p _ 1\ 
+ i», VJ? d/. 


arc the velocities of the spheres when they strike: and 
if F,, F, be their velocities after impact, X their common 
elasticity, we have 


F,* Vi *» X (o, + o,) 
and m, F, * m, F, 


}• 



an 


*. * i . . *»#** + <?y 

- * ft irt » » f- i Z 

. o'-** 

Vl 

Ndw 


a* + A* ■» r* ; 

»*• {»*(<!* ,-**)+* (m#« + cy) | * + m* (mcxss + c*y)* 

itfr*(e* -#*)*, 

the equation to the surface generated. 


Problem XI. 

If r be the radiub of the small circle inscribed in a 
spherical triangle, E the radius of the circumscribed 
circle, r,, r„ r s the radii of the three circles, each of 
which touches one side of the triangle, and the other 
two sides produced, then 

. cot r, + cot r 2 + cot r 3 - cot r « 2 tan R. 

Prove this, and deduce the corresponding expression for 
a plane triangle. 

Fig. 28. Let a, b, c , A, B, C denote the sides and 
angles of the spherical triangle, 2 S-a + b + c, Then 
by trigonometry 

(cot r)*D — sin*!?, 

and (tan R)'D - 4 sin* - sin* -tin*-, 

2 2 2 * 


where D - sin ^ sin (S - a) sin (S - b) sin (S - c). 

Let OK-dH- OL - r,, the angles HCK, LBK 
being bisected. 


Then 


sin CK ■ 


tan r, tan ^ 


and sin BIT = tan r! tan 
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) a m \7T- tan’r, tan*^- sj l - tan* r,' tan*— 


B C 
- tan* r, tan — tan — , 
1 8 8 

B C l B C\ 

cos’o+2cos« tan’r. tan —tan — =1 -tan’r, ( tan* — +tan*— ); 

8 2 \ 2 2 / 

g.g B . C B C 

« cot* f| sm* a os tan* + tan — + 2 tan — tan — cos a 
2 2 2 2 

* (S - h) + bin (S - c)}* 

- 4 sin (S - b) sin (S - c) sin* 

4 sin* - cog’ * gin* (S - a) 

2 2 ' ' 


cot r, \/jj m gin (5 - a) 
similarly cot r, \/D a sin (iS - ft) ; 
and cot r 3 \/ D * gin (5 1 — c) I 

(cot f, + cot r,. + cot r 3 - cot r)\/D 

m gin (S - a) + sin (S-b) + sin (S -c)- sin <5 

. • ® g + 4 , c 

= 2 sin- cos— 2 cos sin- 

2 2 • 2*2 

A . a . b , c 

m 4 sin - sm - sin - 
2-2 2 

« 2tan 


cot + cot r, + cot r, - cot r — 2 tan R. 



1U» 

Again, if p be the radius of the sphere, we have 


Vn r, r» r) S \ p ) 

(A l , 

-s|- + 

\p » 1 

: i x x 
— + — + -•“*• 
r, r, r a r 

:?’-4 

i /r, + r, + r, - r\ 

;•( f ) +te 


[R l / 

5' -*4 

ueiii;?, maxing p = oo , we have 


till 

-i rl r% m r' 


i ms property of the inscribed aful escribed circles, 
ogether with ninny others, may be found in the Cor • 
espondanee Mathlmatiqne par M. Quctelct, Tome v. 


rJlOBLEM XII. 

A hollow cube, filled with heavy fluid , is held with 
one diagonal vertical; find the centre of pressure of 
one of the lower faces. 

Let the lowest point of the diagonal be the origin, 
and the edges meeting in that point axes of co-ordinates, 
the axis of # being perpendicular to the face we are 
considering, p the density of the fluid, p the pressure at 
the point (ryfc), a a side of the cube. The equation 
for finding p is (Poisson's Hydrostatique , Art. 588 ) 

dp « p (Xdw + Ydy + Zdft) 

m + dy + d*) f 

V* 



II 


* 


••• p 



+ y + *) + C. 


Now when <v = 0, ym 0, ar«0, p = gpai/7); 

•••■ P m ^(*+y + * + «v/5), 


or making ar ® 0, the pressure at the point (a?y) of on 
of the lower faces 


therefore pressure on an element 

*= (x + y + a y/ 3)$<vSy, ultimately, 

v 3 

Moment of this about at — *£.(r + y + o y/Z)ySarSy, 

\/ 3 


y * *£. (j? + y + a y/H )x3xSy. 

V® 

g 

Whole pressure ** (wa + — + «* v/s) 

, 1 +\/3 

- -.75- 

Whole moment about # - °jjj* («y + y’+ ay v/3) 

$7»a 4 7 + 6\/S 

is \/a 

Whole moment about y » . 1 ^ . 9 . 

18 a/j* 



Ill 


Hence if (*), (y) be the coordinates of the centre 
of pressure, we have 

a 7 + fi\/3 

w-^-n-nvs 

-5;-(V / S + !!)• 


PltOBLXM XIII. 

A Indy is placed within a hollow cube, and attracted 
to its angular points by equal forces varying as the 
distance; determine the motion . 

Let .r, t/, r be the co-ordinates of the particle at 
time t from the commencement of the motion, the middle 
point of the diagonal or the position of rest of the par- 
ticle being the origin, and axes parallel to three adjacent 
edges of the cube, a bide of the cube, a, /3, y the 
original values of x, y , *. 

Then 1 of the centres of force situated in the face 
perpendicular to the axis of a?, and on the positive side 
of the origin, each exert a force p (a - w) to increase w : 
and the 4 situated on the other side to diminish x by a 
force p (a + ; 

.\ d? x m 4*a (a - x) - 4/x (a,+ .r), 
or + 8jUiV-0 
so d*y + BpymO 
dfx+ 8pxm0 
•% xd*a ->ad?xmO, 
xd t W -wd $ StmCm 0, 

and xmCamla, 

a 
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Hence the motion of the particles is in a straight 
line passing through the origin or position of rest, whose 
equations are 

ay * r 

Let r be the distance of the particle from the origin. 
Then 

(d t r)* « + (d t y)* + (<*,*)* 

~C- 8 M r*, 
and dfr + 8ju r - 0 , 

a linear equation of the second order, the solution of 
which is 

r ■■ A cos (2 v/sjt . t + 2?) 

*» v/o* + /3* + 7 * • cos 

Now this expression undergoes every change of \alue 
while 2 y/i . t is increased by r, and the time Of oscilla- 
tion from rest to rest ■» , — , the amplitude of the 

2 y/ 2 /u 

oscillation being y/ a* + /3* + y*. 


4 

PltODLEM XIV. 


Shew that 
a + ficosx 


J r a 4 

x (a + b cos x) 


1 .2.3. ..(in - l)b 


- (- 1 )”-' 

ar- ?Y 

- l)b Vv/a^-b* a + b 2/ 


Deduct by this method f . % 1 

(a + b x)* 



11 $ 

Aim thetc (hat 

(-1 y 


f (iff d r f 

•4(a + bx") p (p- l).(p- 2 )...(p-r) V Jt (a + bx B ) p - 


I. 


/* r » a + pcowjr /• a + (i cos ■» 1 _ 

s a (a + 6 cos a?) - *" •/, (a + 6co8»)"“ l »-•' 

a + jScos® 1 /• o + jScos* 


g + (3 cost 
(a + 6 cos a?) - 

a /• a + j3cos® 1 r o + /3 cos * ^ 

J 0 J, (a + bcoTa-y' " (m - l).(m - X) J t (a + ft cob .r)*"* 


&c. <= &c. 

A., r a + /B cos ar ra + pcosv 

J. J.(a+b cos.r)"“ (m- l).(m-2).~3.2.l «■» fccosw 


a + 3 cob •• 


Now r °- 

J*a-\ 


a + /3 cos tr 
a + b cos d? 


L - 

b J*a + b cos a b 

■ ’^ lin - 1 | v /< 
b \Za* -b* 1 V a 

-I. 


- (a + 6 cos <c - e) 


o + 6 cos « 




-6 
i + 6 

a + 3 c os ■*• 
,(a + hcosm) 

HTj 

1 . 2 . 3 . 1)6 

Ilcnce ^ 


tan 


rl 3 j- 

i} + * ; 


I v / V “ 6 1i V « + 6 2 /J 


X (o + b cos ,v) ! • 

- ” I (“ 7“ tan ~ I ( n/ W tan 3 ) } 

6 \ v 0 + 6 / S/J 

1 f « / /a -b w\ 

" a ^ U / S *” (V iT 6 tan i ) . 

- * v / tt 7 - <*« ( ta ® -1 \/ tan j • 
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N.» i.tan-' ( V~ Un i) 


““5 


(o + i)* + (a* - 6*) tan* - 
2 


... r . 1 

•/, (a + 6 cos#)* 

. ' (-42— tan- f -v/EIun ? \ 

« - b* (\/a* - 6* \ V a + 6 2/ 


2 b tan -cos*- 
2 2 


(a + 4) cos* ^ + (a — 4) sin* ^ J 
1 / 2a . [. fa — b ic\ hfAnx \ 

^17^ l v ^T4‘“ij-r + ^ssiJ 


Again, 


r r .t" -1 1 /• .t’" -1 

J„J*(a + ba?y p - 1 J t (a + 4«*) p “' 

a r «*“ l 1 r a/""’ 

Ja J, (a +4.t") p (p - i ) . (p - 2) J M (a + 6«*) p “* 


&c. a 8tc. 

ft f +" m (-1)* f 

Ja J . ( a -t-iufy (p - 1) (p - 2)...(p - r) Ja (a + bn n Y~ T 

f * ®"~* (j7jy - r ®"~* 

/. (o + 6®") 1 ’ (p - 1) (p - 2) (p - r) *Ja(a + btPy- t ' 



tl« 


Pioil 

A plane posei^ through the centre of an ellipsoid 
is inclined to the plane of xy at an angle «, and its 
trace on the plane of xy is inclined to the axis of x 
at an angle tp ; 2 a', 2 b' are the owes of the elliptic 
section , and a the angle which its axis major makes 
with the trace of the cutting plane on the plane of xy. 

s c 

Prove that tan 2 a « — — , 

A — U 


1 A+B-v / (A-B) , + 4C* I A+B+\Z(A-B)*+4C* 

a'* " 2 b'* " 2 

V 

where A, B, C have the values given in Problem (2). 

The equations for changing the co-ordinates, referred 
to the principal axes of the ellipsoid, to those in the 
plane of the section, which we shall denote by a/, arc 

• w « at cos <p + y'cos i sin 

y m a! $in 0 - cos i cos 0, 

% my' gin i. 

These are Euler's formulae, and being substituted in 
the equation to the ellipsoid, give for the equation to 
the section 


f&'cos <p + y' cost sin 


*)*.« 


( ob sin 0 - if cos t cos <p 


r 


+ j -i. 


or suppressing the accents* 

Ay* + Bo 1 -2 Cay - 1. 

Now in order to get the axes of this ellipse* we 
must use the formula far changing the axcp into prin- 
cipal ones* 


8—2 


U6 


w m $ cos a — y sin a| 
y m 4 / sin a + «'cos«J 


and the equation becomes, suppressing the accents. 


where 


fit « A sin ! 


a, ■ A cos 


in* a + B cos* a - 2(7 sin a cos a 

I ’ 

os* a + B sin* a + 2 C sin a cos a. 


under the condition 


(A - B) sin a cos o + C (sin* a - cos* a) - 0, 


or tan 2a > 


A-B' 


Now a is tlie angle at which the new axis of x is 
inclined to the old one, or the inclination of the trace 
of the plane to the principal axis of the section. 

Again, Oj + /3, = A + B, 

<*t — fit •* (A — S)cos2a + 2Csin2a 

. \/{A - By + 4C J 

2 a, « A + B + -IT)* + 4(7, 

sfi t -A + B- x/(A^~By^4C*, 

i WFWTj? 

a* s 




^ + B + y/jATBy + *C 

\ — 

2 
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P&OBLEM XVI. 

Two semicircular self-luminous plates are placed 
with their diameters upon a plane, and with their 
planet perpendicular to the line which joins their centres 
A and B; find the position of that point in the time 
AB, where the illumination of the plane upon which 
the semicircles are placed is greatest. 

Let a, ft be the radii of the semicircles. Consider 
■ a point P in the line AB, whose distance from A is a. 
Let c be the distance between their centres. Consider 
an annulus of the semicircle A, whose radii arc r and 
v + Sr, the distance of every point of which, from P is 
ultimately the same and equal to */ + r*. 

Then the illumination at P from the annulus 


= K irrSr . — » ultimately, (Griffin's Optics, Art. 12), 

K being a constant depending on the nature of the 
source from whence the light proceeds. 

Hence the illumination at P from the whole semicircle 


m Kir.V° f* — — . 

Jr (^ + *•*)« 


> Kir — - 


Kvw 


y/a* + «* . 

Similarly the illumination from the otlier semicircle 
-KV(c-.i) 

— Kir ; 

yi b* + (c - a ) 9 

therefore the whole illumination at P 


f SJTtt 


l\/ a* + a?* \/ b 9 + (c - i 
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and this being a maximum by the variation of x, we 
have 


x 


o — x 
(<?-«)* 


minimum ; 


• * * 

(a* + «*)♦" (c -«)*}*’ 

whence x m ay be found by the solution of a quadratic. 


Coa. If a mb, we have 

ffi 83 C •• »Tj 
C 

or 

or the j>oint of maximum illumination is at the middle 
point between the centres, as might have been anticipated. 


Problem XVII. 

In a general declining dial the style is bent in 
its own plane through a given angle a ; determine when 
the angular motion of the sun's shadow on the dial-plate 
is a maximum. 

Fig. 54. Let OP be the direction of the earth's axis, 
POT the plane of the style which is perpendicular to 
the dial-plate NOT, S the sun when on the meridian, 
OQ the position of the edge of the style, PTmh, PQ=a, 

SP m - - 5 the co-declination of the sun, OL the 12 
2 

o'clock hour-line, OH the hour-line t hours after 12, 
TPL - <p. Then TPH « <p - 15/, and 

tan TH m sin h tan (<p - ISt). 
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Now d,(TH) is a maximum when 

l 

cos*(0 - 1 St) + sin** on*(0 - 15/) 


Is greatest* or when 0-15/ ™ — , or tan ( t— 15 /) -cot0. 

This* when 0 is known* is on equation for determining 
on what hour of a given day the maximum (which docs 
not vary in value from day to day) occurs. 


Now we may determine 0 from the following series 
of equations: 


cos PN «* cot N cot 0, if TPN ■ 0, 
cosiS’Qe cos a bin 5 — sin a cos cos 0, 


. _ . , CQSS 


t>in (A - o) - tan TL cot Q, 
sin A m tan TL cot TPL. 


Making use of these equations, we find that 

sin 0 sin (A - a) 

an 0 — . x 

~ on A 


1 

s/ sec* 5 - (cos a tan fi - sin a cos 0)* - sin* 0 




MR STEVENTON’S PAPER, 

JANUARY 8, 1841. 


PROBLEM I. 

„ . . . , einBcosff , 

Having given tanrnm , shew that 

8in U + C 08 u 


d) 0 

tan « tan - tan 
2 2 




shew also that the equation 
a*b' (x' - x) 2 + a‘b* (y' - y)* 

+ (b*x* + a*y* - a ! b s ) . (b*x**4 a*y' 2 — a'b*) ■ 
is equivalent to the tiro 

a*b*- a*yy'- b*xx'« 0, and xy'-yx'=0. 


I. We have 




1 + tan* — 

o 


, bin ff + cos 0 

\/ (sin ff+ c#s 6)* 4 sill* 0 cos‘0' 
sin d' + cos $ 


\/l 4 cos*0 sin*#* 4 8 sin ff cos 0 

sin ff + cos 0 
1 4 sin ff cos 0 * 


. inn* t m iiZ 008 9 \ ’ ^-T_® n ?) 

2 (1 4 cos 0 ) . (1 4 sin ff) 

sin* ^ . sin* ^45® - ^ 




m 


<h 0 / „ 0 \ 

tan x » too - tan { 45° - — J . 

8 8 V 8/ 

II. The expression given when expanded is tbo 
same as 

a*b' (x *- + »*) + a'l?(y{~ Syy, + y*) 

+ b l i^Xi+ Pa'afy*— a* 6*o^+ a*6*y*jf,*+ a 4 y*yi* 

— o 4 y*6*- a % b*w* — a* b*y* + a*t 4 <=• o, 
or (6*<v<r, + e*yy, — «*6*)* + e , 6*(»y l — ysr,)* « 0. 
Hence 6*.vjf, + o*yy, — a'fe* — o 


a 


Problem II. 

IPA«* plane regular rectilineal figure in that in which 
a similar rectilinear figure can be inscribed whose area 

/ JN* 

shall be ( - 1 of the area of the former f Ex. n ■» 2, 
n — 4. 

V 

Pig. 30. Let AB % CE be homologous sides of the 
figures. 

aw _ 

Then «=■=——., or AB <*vn.CE, 

Cl S* 

and CEmZCKmSCB sin ABO 


> AB cos : 


Now if «n be the number of sides of the figures, 
mAOB * Sir ; 

CEmAB cos-. 

m 



its 


Hcncc 


1 • \/ n . cob — , 


m 


which gives m when n is given. 

Let » — 8. Then cos — ■ -i=«cos — , 

m y/2 4 

or m ■ 4, and the figure a square. 

When » m 4 , cos— - i ■ cos- , 

’ m 2 3 

or m m 3, and the figure is an equilateral triangle. 


Pboblem III. 

If from one of the angles of a rectangle a perpen- 
dicular be drawn to its diagonal , and from the point 
of their intersection lines be drawn perpendicular to the 
sides which contain the opposite angle ; shew that if 
p and p' be the lengths of the perpendiculars last drawn, 
and d the diagonal of the rectangle , pi + p'S ■> d*. 

Fig. 31 . Let CD be perpendicular to AB\ DF, 
DE perpendicular to BG, AG. 

ABmd, DFmp, DEmp\ 

Then the triangles ACD , BCD , ADE , BDF are all 
similar ; 



AD 

p' 

DB 

_ P "1 

• • 

AC 

“ AD* 

CB DB\ 


AC 

P 

BC 

»r 

and 

~d 

AD* 

d DB) 

AD 

d 

- (£)’• 

DB 

d “ 



m 


d m AD + DB 

.*. dl m pi + p* I. 


PHOULEM IV. 

A hollow vestel in the form of a tetrahedron is filled 
' with a given weight w of fluid, and is placed in an 
inverted position on a horizontal planet shew that the 
fluid will escape from under the vessel unless the weight 
of the vessel be at least equal to twice w. 

Fig. 38. Let CAB be a tide of the tetrahedron, 
CY vertical, PM horizontal, p the density of the fluid. 
Then in order that the tetrahedron may be at rest, its 
weight must be at least equal to the vertical part of 
the pressure of the fluid on its surface. 

Let CP m a, $ the inclination of the face CAB to 
the base. 

The pressure at any point P in a direction perpen- 
dicular to CAB is the same as at M in the same* 
horizontal plane. Hence the vertical pressure on an 
clement at P 

“ ^ • cos 3 sin 8 . 80 , 

a 

and the whole vertical pressure on CAB 
- %gpCY.areaAYB. 

And nmila|}y for the vertical pressures on the other 
faces. Hence the whole vertical pressure on the faces 
“ $ weight of a prism of the fluid on ABE, and having 
CY as its altitude, and w is £ the weight of such a 
prism; hence the weight of the tetrahedron must be at 
least twice w. 
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Problem V. 

A cone rests with its bate upon the vertex of a 
given paraboloid ; find the greatest ratio which the 
height of the cone can bear to the length of the latue 
rectum of the paraboloid, while the equilibrium remains 
stable. 

Fig. 88. Let the cone be slightly displaced in a 
vertical plane, so that P is the point of contact, PL 
parallel to its axis which meets the axis of the para- 
boloid in K, A being its vertex; PR vertical meeting 
the axis of the cone, whose centre of gravity is G, in* 
R. PL is normal at P, being perpendicular to the base 
or tangent. As P moves up to A , K approaches A, and 
L ultimately becomes the centre of curvature at A. 

Now the equilibrium is stable so long as the per- 
pendicular from P on the vertical through G falls to 
the left of P, since the tendency of the cone will then 
be to return to its position of rest, and this will be 
the case if aG<aR or <PR ultimately. 

<KL < radius of curvature at A. 

Now height of cone, and radius of curvature 

— flatus rectum. The equilibrium is stable therefore so 
long as height of cone < 2 lotus rectum. The greatest 
• ratio therefore which the height of the cone can bear 
to the latus rectum of the paraboloid is 2, at which point 
the equilibrium is neutral. 


Problem VI. 

A hollow square and a hollow equilateral wedge , 
each r deep, have the same number n of men in each 
of their fronts , also the number of men in the innermost 
ranks of the square is equal to p times the corresponding 
number in the wedge; shew that 

r(9p - 8) ■ n(Sp - 4) + 6p - 4. 
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In the equilateral wedge the men must be placed to 
that any 3 adjacent ones not in the same line may form 
an equilateral triangle, and the square wedge mutt be 
mode up of small squares. 

In the former case, as we proceed inwards, the ranks 
will diminish *3 in number at each step, and 4 in the 
latter. Hence the interior ranks will be respectively an 
equilateral triangle having »-8(r-l) men in a side, 
and a square containing in caeh side n — 2(r — 1) men. 
Hence 

* 4{» -2(r- 1) - l} ->8p{n -S(r - 1) - l}; 

.*. r(9p - 8) » »(3p - 4) + C>p - 4. 


PnOBLKM VII. 


A shall pencil of rays is transmitted through a 
prism in a plane perpendicular to its axis; find the 
focus of emergent rays in the primary plane, taking 
account of the thickness of the prism, and deduce from 
the result the expression for the place of the focus when 
a pencil is transmitted through a plate which is Itounded 
by parallel plane surfaces . 


Fig. 34. Let QUST be the course of a ray in the 
plane of the paper, RK normal at R, 4,, r/, the foci 
after refraction at the first and sccorfd surfaces, 0, <p' 
the angle of incidence and refraction at the first surface, 
yj/, \j* at the second. 

Qfi ■ S t]\ a t|, RK m t, KAR ■ i« 

♦ 


Then for refraction at the first surface (Griffin's Optics, 
Art. 50.) 

fi cos’ <4 

BQi ■ - — 

_ cot' ip 



If* 

and if the course of the pencil be reversed at the- second 
surface, 

SQ '”-^jr v " 

and SQ X « HQ, + SR - RQ, + — - . 

sin (90 - 1 ~ 0 ) 

-« /U 008*0* < cost yucos*>l/ 

••• *yQi- — + — ; — -7T « — 

CO8*0 COS (t + 0 ) COS 0 

and this equation gives t>,. 

Now let yf/ ** 0', 0 ■> 0, 1 63 0 , 

CO8*0 tcOB* d) 

Then »,-«+ . jT 77 -« + 

CO8 0 ft COS 0 ft 008*0 

which is the expression for finding the focus in the case 
of a {date bounded by parallel surfaces. 


PaODIBM VIII. 

//" a prismatic diving-bell of given volume be sunk 
to a given depth in water, find the volume of air (at 
its natural density) which will be required to be forced 

/ 1 \ th 

into the bell , in order that I — J of its volume may be 
free from water. 

Let d be the depth of the upper surface of the 
vessel whose altitude is a, and the area of whose base 
is A, h the height of a column of water whose weight 
equals the pressure of the air, V the volume of air 
forced into the bell, p the density of water. Then 
pressure of the water at its surface inside the bell 



And .pressure of the confined air 

. Aa + V 

• $ph. — - . 

-~.Aa 

m 

s 

Now these must be equal to each other; 

i 

Aa + mmh(Aa + P), 

which gives V. 


Pkobleu IX. 


y a 

Shew that the curve whose equation is -main-, 

v r 

where y* - 2rx + x* = 0 intersects the aaiis of x in an 
infinite number of points; also that the curve 




c v/x* - x + 1 


is one of those denoted by the equations 

% (c)*X^5' and W ■ ’■ 

I. When the substitutions are made, the equation to 
the curve becomes 


2 ay . 2 aw 


and when jr*»0, we have 


. 2a . 

un — mOm am mw. 


or « 
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where m it any integer whatever. Hence there are an 
indefinite number of points in which the curve cuts the 
axis of w. 


II. The simplest solution pf <p (*)-«, being 
a periodic function, is (Babbage's Examples, Ex, 1) 


4>(. a ) 


1 *-.r‘ 


For ^>’(*) 1 


* - 1 

x 


- 1 


1 - X 

T 

l - X 


l “*0) ~ f~r 

- log. \/V - « + 1 - tan -1 ? 

1 ,/2a?-l\ , r \/V - a/ + 1 

•** V* tan ’ (“7i ) " ° gt y ’ 

or ye^* 1 * 0 ^ ^ + *• 


Pkoblem X. 

two bodies be projected from the same point, at 
the same instant, with velocities v and v„ and in direc- 
tions a and a,, shew that the time which elapses between 
their transits through the other point which is common 

to both their paths it equal to . 

g v,cosa, + vcosa 



m SPh* t>qa^od f to OKI paths pwjeetilss it* 

*** 


f -*tan« - 

i 

Jr - * tan a, - 


S«*co9*o 


i. 


So, ‘con* aw 

And at their point of intersection 

tan a - -r-?~~z~ - tana, - • — 

Se*cos*a So,*cos 4 a, 

, 2 (oo,)* cos a cos a, sin (a - a,) 

AOd ^ * " T|1 ” u — p u * 

# ofcos m ~ ti coha 


Alto since the horizontal velocity is constant iti both cases, 
the time elapsed 

w at 


v cos a t>i cos aj 
/r (t?| cosq, ~ v c os a) 
vv x cos a cos a l 
8 VQi sin (a ~qi) 
£’0,009*1 + ecosa* 


Peoslem XI. 

A certain substance^ whose volume is v and density 
p, is enclosed in a thin expansible, Jilm and sunk in 
water. The substance undergoes a change (in proper* 
Hon to the Hme) suph that soph portion of it swells 
into m times its original volumes shew that the sub - 

' * v »* *k ' <■<* ‘ 

stfatie* **A begin to ,ri$ m\M the veto* % fltr 

, mconds, £ n be portion of the totttftMtat tM*M . 
iti one oeoond, and unity repTeoedt ttH'donritg $f iMwr. 
find *Uo the portion </ llta USS 

unchanged at that I netant. 

9 



IS* 


Since n it the portion changed in 1 second. 


nt in t seconds, 

and mnt - volume of the portion changed; 

.*. mnt + o - nt » volume of the substance at the end 
of time t, which is also the mass of the fluid displaced' 

by it; therefore when it is just on the point of rising, 

t 

mnt + v - nt •* pv, 


or t 


2$fLZ}h 

n(m - 1) 


And the portion of the substance which is unchanged 

v(p - 0 


■■ v - nt *= v — 


m - 1 


> 



Problem XII. 

If the density of a straight rod AB vary as ( diet .)” 
from one end A, and k, k' be the radii of gyration of 
the rod round A and B respectively , shew that k* is 
always some exact multiple of k 01 , whatever be the 
integral value of n; find also the value of n so that k 
may be equal to 6k'. 

w 

Let P be a point in the rod at the distance r from 
A, Sr an elementary portion at the rod. Then 

moment of inertia of this element about A m 

B - ir.Mi*.(«-r)\ 

’ If a m length of the rod* 



Iftt 

►re laonteBt of in#rtu» of the'fffale red about? A 

... about B 

■ /#*,£“(#*♦* ■** *«»*** + f* + *) 

. pa'** ( — L. + — — ?— ) 

* \n + l n + 8 » + 8/ 

ifia*** 

"(» + J) . (n + *).(» + S) 

n + l ' 

ft*. 


Also mass of rod 


8«> 


« + 3' (» + 2).(» + S)’ 

ft* (« + 1) . (» + 2) 
ft*“ 8 ’ 

and («*+ !).(» + 2) is always divisible by 2. 

Let ft. 6ft'. 

Then 72 — (« + 1) . (n + 2) . »* + Sn + 2 ; 

»* + SW-70, 


n-UVf* 


70 


. 7i or - io. 


Pmbuh XIIL * 

A conical surface, whose verted ft A, ft" 
plane which ft parallel to one of »ftn/ jfcfte -AC, 
afcd the part of the surface which contains the verlfa 
ft developed into a plane, the surface being again cat 
* 8—2 



i*s 


along AC; shew that the polar equation to the 




boundary of the plane figure, measuring from A, ie 

r *>'■ %! -~x— •■'■■■■ r » wh er e 2a ie ike vertical angle ad 

1 + cot (9 cosec a) 

the tone, and B tAe point ©/ mterasciwm of the cutUhg 
plane with the slant tide which is apposite to AC. 


Fig. 35. The plane into which the cone cm he 
developed is that perpendicular to the axis of the cone. 
Let BP be the parabolic section parallel to the side AC 
of the cone, AB * d. Then its equation is y*«= 4d sin* a a?, 
and the equation to its projection on the above plane is 
j* - id sin ate. 


Hence the vertex of the cone is the focus of the 
projection, the polar equation to which is therefore 

2d sin a 
a ** % 

r 1 + cos <j) 

Now let AP ■= r and 0 the angle which AP. makes 
with AB when the cone is developed. Then US is a 
portion of a circular arc of which AS is radius, sub- 
tending an angle 6 at the centre Ai 

dt .SO *■ 6 .AS; 

* 

.*. <p - dcosecai 

and pmrdina )' 

Qet aih an 

r sin ft ■ - * ■■■ , 

i + cos (bootee a) * t. 

a An 

at t m — ■ — 

1 + COB {$ cotes a) 

is the equation to BP when, the •com ie developed. 

.1 ♦ > 


< £ ft 



m 


Wr*«* vi « » M iSteoBekit SEIVWt *•>£ Y”", - 

jjf */U amdKiiott Mo# on equation Of order 

tfojf repremti myartibola be introduced Mo ife equation 

&P* bV-»e?VM**/ fc»* W«»V *V)l(rfVVbP^W^ 
+ ^b* {y (a, - «) - x*(/ 3 , - ft + ift- a^'ft, " *- 
efteta 4 fa* <fe egfcetfcm wilt be reduced U the form ' 

^ \/]&fii . y + ^ \/«a» • * ■ d»ab. ‘ 


Let A, B, C be the coefficients of y*» ay, «* respec- 
tively in the above equation, and 

<p - (d 1 /? + Vo* - 0*6') . (o*/3,* + bW ~ efb*). 1 ' 
Then, introducing the condition tACb— JS*— 0, we have 
0 = - oW - ft* + («, - a)*} , 

or (a 8 /3* + b*a* - a'b *) . (a*/3,» + 6>a,» - a*6»)l 

+ o*6* {«*(& - ft* + 6*(«, - a)*J / " °* 
and this is equivalent to the equations 
o*6* — o’j3/3i — b*aai « 0, 

«j/3i " 

Now ^ - o*6 e (ft - ft% 

5 - - 20 4 i» 4 (*t - «) • (@l - ft* 
C--b*a*( ai -a) 3 . 

Hence the equation becomes * 

{o*(/3, - /3)jf 4* - a)«} 9 ■ - (ft 

m - (a* ft + 6V - o*i‘) . (•‘/B* + 6’a,* - a*fi») 

’ « ft) + &*«(«- « , •< 

{«*ft (/3 - ft) + h*ai(«t — «i)} 

(since «ft-«ift 

- + & Vooi (« -’gi)}** 



••• a*(/3 - /30y + 6*(« - «i) ® 

- * + 6*v/a«,(«*-a,)}. 


o*j3y + Pe# - * (a*j3 VW^\ + b s a\/aa i ), 
or + + 

or o*y V' /3/3j + b t as*faa l - «fc (a*/ 3/3, + 6*oOj) 

«= io*6*; 


Problem XV. 


7W particles P and P' mjAosc masses are m and m' 
are connected by a straight rod, and, being constrained 
to move in too straight groovy AP, AP', which are 
inclined to the horizon at given angles, make small 
oscillations in a vertical plane ; shew that the length 

.... J , . m.OP*+m\OP* . 

of the isochronous pendulum ts — + m*)GH — * v> * ere 

OP, OP' are perpendiculars to AP, AP', and OH is 
the depth of the centre of gravity of P and P 7 below 
the horizontal plane drawn through A, when the system 
is in equilibrium. 


Fig. SB. Let PP* be the position of equilibrium of 
the rod, pp’ its position at time t, €, $ -39 the angles 
which the rod makes with the horizon in the two posi- 
tions, a, y, jr„ y l the horizontal and vertical co-ordinates 
4>f the extremities of the tod, T its tension, U, S' the 



Iff 

reactions of the grooves at p u p’i ft the length of the 
rod, a, Oi the inclinations of the grooves to the horizon. 

The equations of motion are 

rndfat •mJtaina- T cos (9 - 50), 
mdfym - R cos a - 7 1 sin (0 - SO) + mg, 

♦n'dj’.Vj « K sin a, - T cos {0 - 56), 

»'d*y i - — iZ'cosa, + T sin (0 - 50) + tnUg. 
Eliminating T, R and if', we have 
m (cos adfa + sin adfy - g sin a) 
sin a sin (6 — 56) + cos a cos (0 — SO) 

r» , (cQga l cl,‘* l + sina 1 (f( , y l -gsinaQ 
* cos a, cos (0 - SO) - sin a, sin (0 - 56) * 

or since y»«tana, y x ■= «, tan a, , 

*» cos (a, + 0-50). 

« m' cos (a -0 + 50). 6 »!««,)« 

Now m sin (a + «q) « e cos asin(a 1 + 0-50)l 

w x sin (a + tq) «*c cos a, sin (a — 0 •+■ 50) J 

d?a> Bin (a + a,) » - o cos a cos (a, + 0) dfS0\ 

d,*w, sin (o + «i) °= c cos a, cos (a — 0) d*t J 

omitting small quantities of a higher order than the first, 
since the oscillation is of small extent. 

Therefore substituting these values in the above equa- 
tion, we have 

m cos (a - 0 + 50) . -grin a, J 

+ “**<•> ♦ 9 - >9 > ^ ° ; 



^ + p'pccpff (a 

l - , *■/■ 

+ g. {m sin a sin (a 4 4-#) + m'unxb sin (« -0)} 5 9 
“ g $ - m sin a c©&(«| + 0) + m! jnna t cos (a - 0)}, 
or tf&O 1 J, .‘ • " 

g { ms * na ” p C«i + 0)4 *n*rin «i sin-fc -6),} sin(a + ai) ^ 

*» cos* (n{ +8) + m' cos* (a - 6) 

. m sin a, cos (a *- 0) - m sin a cos (a, + 8) 

"* ^ 8m + Ql ’ tncds" (aj + 0) + m' cos* (a — 0) 

or d*$0 + n*$0 — A. 

The solution of this differential equation of the second 
order is 

50 - — y + k cos (nt + X). 

ft* 

Now this expression in consequence of the circular 
form which it involves is periodical, and goto through all 

its values while nt is increased by w» or t by which 

ft 

is therefore the time of a small oscillation, and if l be the 
length of the simple isochronous pendulum. 




I 


and l m - ■ ; 

g ft* 

me cos * (a t + 0) + m'e cos* (o — I 


{m sin a sin (at + 0) + m sin <t\ dn (a -0)} sin (a + a t ) * 
Now depth of centre of gravity -• 

mAP.dn a 4 m’AP f mnei i 
" «s4 »' : T* 


or (m +m)GH , "J A** / 

me sin asin (e, + 0)4-~fflfosina 1 *in (a - 0) 

T • t ; s 6ia^{a + «i); , } * * 



iW 

(» + »'j GM<. iin*(a + «0 * 

fetid e^cts^a ~0)m (M n *iri*(a + «i) t 

. 0 

Ma*(a + a,) ’ 

sin’^a + aj) 

(m + ra ) Gif • 


Problem XVII. 

A seed grain is planted , and toAen one year old 
produces the next year ten-fold: and when two years 
old and ’upwards produces annually eighteen-fold. Every 
grain is planted as soon as it is produced , and the 
produce of each is according to the above law. Find the 
number of grains at the end of the x‘ h year. 

Let u, m number at the end of the 0 * h year. 

Then 

**»+! “■#,■10 “ V|.|) + 1BV|.b 

or «, +l - u t - 10w,_i - 8n,_ s « o. 

Let u. mm". ' 

Then »* - m* - 10» - 8 » 0, 
the roots of which are 4, - l, and - S ; 

«o « » + i+ «• 0' 

, U\ «■ 4a — b ~-2c m 1 
«*» 1 6a + *44c ■» H 


Now 



I9» 



b m — 


9 

P 


Cm 


4 

ttm 0 

«’ 


u. 


7. 4* -t7(-l)* +*>(-*)• 
15 


Pboblek XVIII. 

A plane is moved so as to cut off from the co- 
ordinate planes areas whose sum is always equal to Sn*: 
shew that the surface, to which the plane is always a 
tangent plane , is represented by the equation , 

(Sx - u) . (3y - u) , (8a - u) + gn u - 0, 
where u-»x + y + z<r >/ Sn’ + x^+y'+s 8 -xy ~xz- yz. 

Let - + 7 + - -■ 1 be the equation to the moveable 
aba 

plane, a, b, e, being the parameters connected by the 
equation 

ab + ao + be - 4 n*. 

Then differentiating we have 

fc + c + (o + 6) d fl c « 0, 
a x _ 

& a 

* + o»(o + 6).^,-. 

« 

Similarly a + c«(a + 6).^y.j^, 

^etween which and the two previous equations we must 
eliminate y, b> e. 




Now 


* 

9 * b + c a 

a 0 ' 9 +b'a* 

it 9 a + 0 ft* 
b e a+b 0 

w y » 8»*« 

1 "^ + ft + ;"c»(« + 6 ) ? 

c*(a + b) rn 

&*(« + c)«8»*y ) (0* 

a*(ft + c) • Sn*9 ] 

From equations (l) we get 

0 - y(o - c) + 9(c - 6) + *(ft - «).... ».(*), 

2(ar s +y i +^--ffy-®*-y*)-»(a-c)+y(&-a)+*(c~&)...(3). 

From (l)» we have 

e 

c*(o + ft) - a* (ft + e) - 8n*(* -#), 

or c-a«3(*-w)i 

> (4) $ 

So b - c» 2(y - *)J 

8 ”„ a, »2o + 4(»-*) + t(y-e)? 

4«*« * 

— — a + y + *-2®i 
a # 

4,1 * a e +(y + *-2«)a. 

So 4ny -S* + (« + «-Sy)ft, 

- & + (#’+ y « 3*)c ; 

0 
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12ft* m (a + ft + c)* 

, * * ** t* » I . 

+ (y + *-2ft)« + (» + w-2y)ft + (* + y -2*)c 

« (a + 6 + <>)*+ c(y- #) + ft(* - y) + o(# - *) * 

\ 

- {#(* -w) + ft(y- *) + o(« - y)f 

, . ft - e ,«-ft c - a 

« (o + ft + o)* + e — + 6 — + o-£- 

-2(«* + y* + **-fty-w*-y*), from (8) and (4); 

2 (3 ft 8 + ^ + y* + ***«y-»*- y») — » 

<t + ft + e d, v/»»* + 0* + y* + ** - «y -ax - yx. 


Again, from (1) 

8«*(® + y + ar) m c*(o + ft) + ft*(ft + c) + «*(ft + c) 

- ac(a + b + e) + fto(o + ft + c) + oft(ft + 6^c)- Sate 
« A 8»*(\/ 3r? + ®* + y* + as* - a*y - «* — y*) - Safte; 

•\ 8»*« m — 3abc. (5), 


From (l) 

512 n*myx ■» o*6*c* {8«t*(dr + y + « — «) — oftc} 


64»‘tt* 


--|8» , (» + y + «-«) + 8 ”-|,from (5); 


9 l 


27fty«-«*{8(» + y + a) -2«}, 
the equation to the surface. 

Now u 1 - 3»* (« + y + s) + 6tt* (» + y + *) - 8v? ■ 27 <ry*, 
or «* - Sw*(« + y + «) 

»+ 3« {Sft* + 2tt(* + V + *) - «*} - 27 *y« « 0»*». 
Now 8(wy +• «* + y*)«S« {$»*+ 2 «(« + y + *) - «*} ; 
y «* - 3u*(* ^y + «)+9« + aw f y«)“-27fty*,« 9»*«, 
or (3**>*y*(8y onNiwO. i ‘ 
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Fionni XIX. 

1 

A semi-ell/iptieol qrek stands with (te plane vertical 
and perpendicular to the meridian, and ite aieie m the 
plane of themeridian; find the equation to the shadow 
of the arch on the horizontal plane at six o'clock, in 
terms of the declination of the oun add/ the latitude of 
the place. 

% 

. Fig. 55 . Let the plane of yz be that of the meridian, 
OA «* a, OB m b the semiaxes p( the elliptical arch, E 
the pole of the great circle ZP, Z being the zenith and 
P the pole of the heavens; then since ZPS is a right 
angle, the hour being six o'clock, PS produced will meet 
the great circle ZE in E. 

Let l be the declination of the sun and tile lati- 
tude of the place. 

The problem is reduced to that of finding the section 
of the cylinder whose base is the ellipse AB and generating 
line parallel to SO, made by the plane xz. Let a, )3, y 
be the inclinations of this line to the axes of «, y, z. 
The equation to a generating line will be 

X-X Y-y Z-z 
cos a cos i cos y 

and when Z * 0, 


__ cos/3 
Y~y- — ~z, 
cosy 


v- cos a 

X Z. 


cosy 


But 


b» 


a* 

V. 


(ycos'y -jrcos/9)* •«&*cas , 'y (<r&s*y~ 


«)*. 


This is the equation to the cylinder formed fay the sun's 
hysL The equation to the shadow will therefore be found 
from this by*qmtting ym Of eat in thensforte * » 
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b* g® gs 

*• (cog * /3 + ^ cos* a) — * ^flOMtcoS'y./rsr + — 00^7.0* 


, a b 1 COS* 7 . 

Now cos a a oos &E7 a cos 

cos ft • cos &Z > cos Z?. cos - Bin/ sin I, 

COS 7 a COS SD a COS •S'jp . COB PD =» cos l sin 3 . 

Hence the equation to the shadow is 

6®cos*isin*i.«* - 26 * cos l sin $ cos S . xss 
+ (a® sin* l sin* S + 6* cos* S) x* m a* J* cos 2 1 sin* 
which is the equation to an ellipse whose centre is in O. 


Pbobmcm XX. 


Each of a series of numbers beginning from unity 
is formed by multiplying the preceding one by a, and 
adding 2 m, or subtracting m according as the order of 
the number to be formed is odd or even ,* skew that the 
x th number in the series is equal to 


a* - 1 - m (a - 2) 
a* — 1 


1 , 8 ±l 1 )-1. 

8 |»-1 a + 1 J 


Let u,* a* number. 

m 8 m , 
Then »,+j + — (- l) • 


This is a linear equation of the first order, and its 
solution is (Hytners’ Finite Differences, Art. 74 .) 


_ _ f m 8m (- 1)*| 

c + s {i? + V} 


3 F* 



14* 


Let 
Then . 

and 

Let 

Hence 

4 

«» 






«X _1 ■ {<*" + 3 (— a)*} + C 

55 

-jfr <-*>■} +c - 



u 

a* 


mi 1 Si ^ 

” L_L_ 4 -L. 

2 [a - 1 o + l J a"* 

m I 9 11. 

’ \o+ 1 “ a-lj* 

v 

1 -m(a-fl) ml 1 3(-l)»l 

e« - 1 * 8 \a - 1 + a + 1 J' 



MR STEVEflTON’S; 

• * 

*MT> 

MR THtJRTELL’S PAPER, 

JANUARY 10, 1840. 


PftOBI.SU I 



Between a and b, a being < b, insert n means, a,, a,... 
a„, such that a, -a, a e - a, ....b - a,, form an arith- 
metical progression whose common difference is d : and 
find the limits between which the valve of d must He. 

Taking the sum of the above series which consists of 
n + 1 terms we have 

b - a m [a (a, - a) + nd} , 
b m (n + 1) a, - no + ” - ~ d; 


b no nd 

ai ■ + 

n + 1 n + 1 8 

and a, m no, — (» - 1 ) a + d ; 

8 

nb + n*a n*d , »*-». 

a. — — — (n - l)a + a 

n+l 8 ' * s 

«6+o nd 

~ n + 1 8 ~' 

and by assigning to n all values from 1 to n, we get 
the required means. *•* *’ * *• ' r ' 1 
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In the above expression d may have any negative 
value; but sipce we have 

nb + 'a (n-l)h + a d 
n~+T > n + 8* 

d 4 4 . 6 - a 

or - must not exceed -- r . 

2 n(n + i) 


Problem II. 


If it be required to find the n quantities x lf x 3 ...x n 
from the n equations 

*l+** m *\9 Xj+XjbOj, &C.OB&C. X^t + X^a^j, * n + X \ m *n9 

shew that the problem will be determinate if n be an odd 
number , but indeterminate or impossible if n be an even 
number .. 

We have successively 

4?| 

— 5*3 » flj — flgj 


^l + ^4 ■ fll ■" + Og, 

•• ■ flj “• flj *f ■“ flfgg 

&c. 

I. If « be odd ( we have at last 

*1 — ®» “ ®j - <»* + <*j - &c. — a„_i, 


a?. + a?! - a , ; 

*«! - «i - a, + a, - See. + o„, 

_ _ a,-a 3 + a,- 8cc. + a. 

ana e, ■ a, ■ — ■ - 


and the problem is determinate. 
10 
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II. But if n be even, We have 

cPj + w n ■ Q\ S| + a, — Sec* 4“ 0,.], 
and .Vj + ic n » o„. 

Hence the problem is impossible unless 
a, - a, - a, + Oj, - &c. + a„_,, 

and this condition being fulfilled, the problem is inde- 
terminate, since any values whatever of *r, and a, which 
make their sum equal to the above quantity, will satisfy 
the conditions of the problem. 


Problem III. 

A number of spheres are put into a hollow cone 
one above another , and each touching the one above, 
the one below, and the sides of the cone. The rddii 
of the spheres form a geometrical progression of which 
the common ratio is tan * (4'i 0 + \ the vertical angle of 
the cone.) 

Fig. 37. Let a be the semi-vertical angle of the cone 
of which and the spheres the figure is a section made 
by the plane- of the paper passing through its axis, 
PM=R, OL~r. 

Then (R + r) sin a - {VP - VO) sin a = R - r; 

R + r 1 
R-r sin a * 



and the same ratio exists between any two successive radii. 
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» 

Problem IV. 


Shew how to find the distance of an inaccessible 
object upon a horizontal plane by means of o measuring 
chain , or staff, alone , and without observing any angles. 

Fig. 38. Let D be the object, B the place of the 
spectator. Measure a distance BC in any direction. 
Place the staff at B, and measure off a distance BA, 
always keeping the foot of the object covered by the 
foot of the staff; do the same at C, and measure AC-$, 
BE = S'. 


Let JB = a, BC *= b, CE ■ c, AE — d. 

j. . 

Thpn 


o* + 6»-^ 
cos ABC ** — 


Then 


cos BCE' 


BDm-b. : 


2ab ’ 

A» + c s -3* 

2 br 

sin BCE 


sin ( BCE + ABCy 

which gives the required distance, if we substitute for 
BCE, ABC the values already found. 


Problem V. 

A straight line of given length 2 c is made to move 
so that its ends are always in contact with two other 
straight lines which include a given angle 2 a: shew 
that the locus of its middle point is an ellipse whose 
semi-axes are e tan a and c cot a, and the direction of 
one of its axes bisects the angle included by the giten 
straight lines. 

Fig. 89- Let AC, AB be the two fixed lines including 
an angle CAB » 2a: A the origin, AB 'and a perpen- 

10—2 
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dicular to it the axes of co-ordinates : AM m «, MP — y 
draw PN through the middle point of CB, parallel t< 
AC. 

Then c* - PN* + NB> -2 PN .NB .cos 2a, 
and PN sin 2a — y, NB-AN- <r-ycot2a; 
c* sin* 2a ■» y* + sin 2a - y cos 2a)* - 2 y cos 2a x 

(x sin 2a - y cos 2 a) 

e#*sin*2a + y*(l + 3cos*2a) - 4<rysin2acos2a 

Now, let x mat cos 6 — y sin 6 | 
y m .xr'sin 9 + y' cosO f 

Then substituting these values in the above equation 
it may be reduced to 

Ay 3 + Bx 3 = (c sin 2a)*, 

where 

A « cos’d (l + 3 cos’ 2 a) + sin 8 d sin* 2 a + 4 sin d cosd sin 2 a cos 2 a 
2?»-sin*0(l+3coB*2a)+coi.*t>8in*2a— 4sindcosdsin2acos2a 
under the condition, 

sin2d. 4cos*2a « 4cos2dsin2a cos2a, 
or tan 2d ■ tan 2a, 

or d**a (1), 

Also A + B — sin* 2a + 1 +3 cos’ 2a » 2(1 +cos*2a), 

A — B m cos 2 a (l + 3 cos* 2 a) - cos 2 a sin* 2 a 
+ 8sinacosasin2acos2a 
• 4 cos’ 2a + 4 sin* 2a cos 2a 
■ 4 cos 2a; 

A -(l +oos 2 a)* -4 aw* a) 

• * _ /i I* 
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Hence the semi-axes ere 

e sin 2a f sin 2a 

* 9 and 1 , r i 
2008*8 2sm*o 

that is, c tan a, and c cot a, and equation (l), shews that 
the direction of one of the axes bisects the angle between 
the lines. 


Psoblrm VI. 

If (6) be the angle between the tangent and focal 
distance at any point of an ellipse , the distance of that 
point from the centre = %/a* - b* cot" 0. 

Taking the usual notation we have from the triangle 
SPH , ' 

4 (a- - b ’) - SP* + HI* + 2SP. HP co&20 
= 4a* - 4 CD* bin* 0; 

V (1 + cot* 0) « a* + 6* - (dist.)* from centre ; 
dist. from centre ■» o'* — 6* cot* 0. 


Prodi.esi VII. 

If a (3, u(&' be the co-ordinates of two points in a 
diameter of an ellipse , and be subject to the condition 
a*b* « a c /3/3' + b*aa', where a and b are the semi-axes of 
the ellipse, shew that the equation to the tangents at 
the extremities of this diameter are 

a*v/ /3j£ T .y + b *y/aa ! a • * (PH. 

Let m be the tangent of the inclination of the dia- 
meter to the axis of x: so that 

/3 - ffia, (X m ma. - • 
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Then by the given condition 

a'tf - (a*m* + b') aa ■, 

y/ m’a® + ft * = —y =~ t . 

V aa 

Now the equations to tangents at the extremities jjf 
this diameter are (Hymers’ Conics, Art. 137) 


ft 2 4 / ft r ~ 
- * ± \/ , * + 6 
on /»* /i* 


& s 

roa 


nr a* 

/i 


w + ma~ 9 

ma 


a 8 ft 3 


or ma 


i 2 y + 6 “ se » ± ofc y/b* + ma 3 *■ «fc — r — , 

V aa 

and /3/3' = w*aa'; 

. «*y + ft 2 * = ± -*** ; 

«« V aa 

a® s/$$y + ft 8 s/aa'x ■ ± a* ft*, 

arc the equations to the two tangents. 


PuOBLEM VIII. 


(o) /f sin (n + ax) = c /on (b + /3x) /or a// values 
of x, Men so /o«g ns ax, /3x are small quantities, \ is 

, a cot a — 2 8 msec 2b 

vcv necrly - s . • 


(/3) Eliminate by differentiation the constants and 
exponential forms from the equation 


ae T + be" y - fe* + ge“\ 
(7) Find the nature of the curve 
y + 1 « 2x - x* ± (2 - x)* 


at the point corresponding to xm 2 . 
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I. Since the equation sin (o + a») m o tan (6 + ftx) 
holds good for all values of x, then making or — 0, 

sin a m c tan 6. 

Expanding the above quantities by Maclaurin's Theo- 
rem, we have 

• 

sin a + a cos a® - a sin o — 


> ^tan ft + ft sec *ft . a + 2/? sec *b tan b . , 


omitting higher powers of a a, fix than the second. 
Hence 

iT 

- (a* sin a + 2e/3*sec*ft tan 6) ■* a cos a — eft sec* ft, 

2 

x f . . r tan ft\ t -sec'ft 

-fa +2/3 sec ft . ) ■» a cot a - eft-. 

2 \ sin a J bin a 


x 


- (a* + 2/3* sec* ft) <= a cot cr - 2/3 cosec 2 ft, 

• 2 

since sin a ■ r tan ft ; 

a cot a — 2/3 cosec 2ft 
, . « - 2 . + 2 0* se c*ft 

II. ae y + be~ y —ftf + ge ~* ; 

Let p=>d,?/, q = d**y> r-d, ?'J\ 

p(ae y - fte _y ) » /is* - gs - *, 
p*(ae v + fte" y ) + q (a& - be~») mfe* + ge _ * ; 

••• (l " P*) • (ae y + he"*) - J (/«* - gO ; 

/e r + g e~ t 7 

f^-gf P~P % ’ 0 

Again p(l - p*) • (oe y - fte - *') - 2 pq(ae* + fte -1 ') 

- ?1> (/«* “ ge" 0 ) + ;;(/«' + g«'0 i 


.(l). 



i5i 


+ 2pq) • (/«* + ge~*) - p (1 - P*) • j (/e* - *e“0 
* * 


. 9*-pr 

* + t 




q 

i + 2p7 

P 


fe’-ge p -p* 


, from (l). 


III. Fig. 40. Let the origin be removed to the 
point P where .v ■= 2, y m — ] : then the equation becomes 

J ,__ iP (, r + 2)±(-.t)J; 

= - 2 - 2.r T j (- <r) } . 

and d, 9 y = - 2 =fc (- a?)i . 

4 


Now for the values w m 0, y « 0 there is only one 
value of c^y, or there is only one tangent inclined at 
an angle tan -1 (-2) to the axis of a. When a has a 
small negative value, there are two unequal positive 
values of y and two unequal negative values of d x J y, 
giving two tangent branches concave to the axis of at 9 
but positive values of nr make y and d/y impossible ; 
hence there is no portion of the cuive to the right of P, 
The point is therefore a cusp as indicated in the figure. 


Problem IX. 


If 9 be eliminated from* the equations d x y m tan 0 


ae' 


>c0 


and d.0* _ shew that the cures represented by the 

cos 0 

resulting equation has this property^ viz. the radius of 
curvature varies as the length of the arc. 
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d a y m tan 0, d„Q 
cos 6 


a** 
cos $ 

si i 


«"•*» d 9 y - — - e 


-fO . 


length of the arc « fc s/ (de*)* + (dey)* m ~ ea e ~ r9y 

the point from which we measure the arc being at a 

distance — below the initial line. 
ca 


Also d x y « a 
•\ rad. of curvature 


sec 3 0.e c0 , 1 4- ( d x y )* 

\i+(dry)'}* 

d*y 


sec *0; 



» c x length of arc. 


PftOBtiEM X. 

A straight uniform beam is placed upon two rough 
planes whose inclinations to the horizon are a and 
and the coefficients of friction tan X and tan X'; shew 
that if 6 be the limiting value of the angle of inclination 
of the beam to the horizon at which it will rest , W its 
weighty and R, It' the pressures upon the planes , 

t 

2 tan d m cot ( a + X') - cot (a - X) 

and 

R R' W 

cos X sin (a' + \') cos sin (a - X) sin (a - X + a+ XV 

The equations of equilibrium are 
R 9 cos a + R cos a + R tanX sin a » W 4- R § tan X' sin a (l), 

JR* sin a 4 R' tan X' cos a m it sin a- J? tan X cos a (2), 



m 


and 

R' cos (a + 0) * R cos (a - 0) + R’ tan sin ( a + 0) 


+ R! tan X' sin (a +0)1 
+ R tan X sin (a - 0) j 


From (1) cos (a + X') + cos (a - X) - W. 

COS A COS A 

From (2) —~r, sin (a'+ X') = sin (a - X). 

' cosX cosX 


Hence 

R' / f . x . cos (“ ~ X) sin («'+ X') ^ 

, cos (a + X ) + -r- 7 r-T. rj — it® 

cosX sin(a-X) cosX 

R' W 


or 


cos X' sin (a — X) sin (a — X - a + X') ’ 


Also 

cosX 


cos (a - X) 


cos (a'+ X') 
sin ( a + X’) 


sin (a - X) 
cosX 


R = W, 


R iv k 

cos X sin (a'+ X') sin (a-X+a'+X') cosX'sin (o-X) * 

Again from equation (.3), 

~~ cos (o - 0 - X) - r> cos (o' + 0 + X') ; 
cosX cos X 

sin (a'+ X') _ R R' cos (a + 0 + X') 
sin (a — X) cos X cos X' cos (« - 9 - X) 

cos (a'+ X') - sin (a'+ X') tan 0 
cos (a — X) + sin (a - X) tan 9 ’ 

2 tan 0 sin (a - X) sin (a'+ X') 

«» sin (o - X) cos (o' + X') - cos (a - X) sin (a'+ X'), 

or 2 tan 0 ® cot (o'+ X') - cot (a - X). 
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Problem XI, 

* 

A cubical vessel full of fluid revolves uniformly about 
a vertical axis through one edge. The upper face is 
the lid of the vessel , and is moveable about the angular 
point next the axis; find the angular velocity that the 
weight of the lid may keep it in its place. 

Let the angular point above-mentioned be the origin, 
the fixed axis the axis of *, and the two adjacent edges 
axes of a and y : p the density of the fluid ; to the angular 
velocity about the axis : x, y, z co-ordinates of any point 
in the mass of fluid ; p the pressure at that point, a - a 
side of the lid. 


Now the resolved parts of the centrifugal force on the 
particle (x, y, z) parallel to the axes are w'x, w *y : hence 
the* pressure is given by the equation 

0 dp~p {to 9 (xdx + ydy) + gds \ . 

Poisson’s Mccanique, Art, 583. 


Hence p - p |^- + y*) + g*j + C, 

and when x m 0, y — 0, ar ■ 0, we have pm o ; 

C => 0, and pressure on an element of the lid 
2 

— ^ («* + y*) SxSy ultimately. 

« 1 

Moment of this about axis of x 


(** + if) y My t 

and moment of whole pressure (,x/*y + y 1 ) 
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the integral being taken between limits 
w « 0, w ■■ a ; y « 

Now if <r be the density, i? the thickness of the lid, 
the moment of its weight about the axis of at 

m ga. a t.-. 

Therefore if the lid be just in equilibrium 

5 . , _ a 

— pto'-ar « gar . (rt . - , 

24 r 0 2 


or a) 2 


gt W* 
a 4 5 p 


PltOBLEM XII. 


In any straight line QR, which cuts the rectangular 
ares AQx, Ally in Q and R, a point P is taken such 
that PQ-rPll is always constant . Find the curve which 
always touches QIl at the point 1\ ei plain the meaning 
of the arbitrary constant introduced , and shew that % for 
the same constants , there are two curves which answer 
the conditions of the problem . 


Fig. 41. Let AM « x 9 MP « y be the co-ordinates 
of jP. Then if p « d*y, 

taking the negative sign because tan PQM~-p, and 
PRmxs/l + p*; 

PQ y 1 

. suppose; 

RP pa n r 
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log.y - log, C - n log,.r ; 




or y a? ■ C. 


The constant is the value of the ordinate when 1. 

Now if a point P be taken so that PR *» PQ, then 
PR 

the value of the ratio will be the Bame as that 
PQ 

of-, lo. ,r, y be the co-ordinates of P. 

Then P'R = w \/T~+ p*, 

and PQm~- 


— ptv 1 

0 os — , 

y n 

n having the same value as before; 

nd,y 1 


or log.y" - log, C - log,.*, 
or « C 


We observe that both the curve* (1) and (S) are 
hyperbolic, and that the axes of co-ordinates are asymp- 

RP 

totes. If the given ratio had been we should 

KQ 

have arrived at two parabolic curves of the n 0 * order, 
of which the fixed lines are the axes. 
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Problem XIII. 


A weight is attached to a fixed point on a smooth 
horizontal plane by an elastic string, and is made to 
revolve on the plane about the fixed point ; supposing 
the initial position of the string to be a straight line, 
and the original velocity to be impressed in a direction 
perpendicular to that of the string, find the path of 
the weight. 


Let the fixed point be the origin, x, y the rect- 
angular, r, 9 the polar co-ordinates of the particle (m) 
at the time t from the commencement of the motion, 
T the tension of the string at that time. Then the 
equations of motion are 


mdfw -T.~ 
r 

n i 


>(■)• 


Also a* + y* « r 2 and r * a (1 + e T)> a being the 
original length of the string, and e its extensibility*. 

From (l) &d*y - yd*x «= 0, 
or xd t y - yd t x = au\ 

i*. r*d t Q = aul ^ ^ 

ii being the original velocity impressed on m. 

Again, from (l) 

2 mdfxdtx + Zmd?yd t y « - 2 Td t r 9 

or md t { (dt#)* + (d t y)*} = - 2d,r . * * 

ae 


md 6 { ( d 9 r )* + ~ - ■ - 2 d e r. r -~ > 


from (2). 


* Tho form of the string will evidently not deviate from a straight line, 
as there are no forces acting on it transversely. 



m 


Now let r « - . Then d^r » - ~ ; 

o tr 

••• *W* +•)•(**?-£ (?-£)• 

* (aM)S K* 80 )* + *’} - £ (; - iV») + c » 

and when v m~, d«» *= 0 ; 

a 

.\ m (a «)’■—; » — (a® - 4 a*) + C ; 

'a* oe * 

.*. to(ow)* {(cfoo)® + «*1 « — - -i-'j + inw* - - , 

' ‘ ae \v 2tr/ e 

e being of — 4 linear dimensions ; and this is the sim- 
plest form of the equation to the path of to. If »* = x, 
the Above equation is of the form 

* dt» = 2 V. A \7x + Bx - x- + C, 

which cannot be integrated. 


Phobleu XIV. 

The moment of inertia of any plane figure about 
any axis equally inclined to the principal axes which 
have the same origin, is equal to two thirds of the 
greatest of the moments about those principal axes. 

Let A, B, C be the moments of inertia about three 
principal axes, C being about an axis perpendicular to 
the plane figure. 

Then moment of inertia (Q) about an axis equally 
inclined to them ~$(A + B + C) (Earnshaw’s Dynamics. 
Art. 19s). Now if x, y be the co-ordinates of an element 
dm of the plane, then 
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Cm + y*) 

- 23w» . a* + 22m . y* 
-A + B 

the axes of a and y being principal axes $ 
••• «-JC 

— greatest moment. 

since C>A>B. 


Problem XV. 

A uniform and straight plank rests with its middle 
point upon a rough horizontal cylinder , their directions 
being perpendicular to each other. Find the greatest 
weight that can be put upon one end of the plank without 
its sliding off the cylinder. Also, supposing thh weight 
suddenly removed , find the time of the small oscillations 
of the plank. 

Fig. 42. The figure represents a section of the plank 
and cylinder made by the plane of the paper, which is 
perpendicular to the axis of the cylinder. Let R and 
tanX.i? be the reaction and friction at P: w, W the weights 
of the plank and the attached weight, which is such that 
the plank is on the point of sliding: 9 the inclination of 
the plank to the horizon, or of PO to the vertical: 2a 
the length of the plank, and r the radius of the cylinder. 


Then R sin 9 ■ R tan X cos 9 '. (1), 

w.GPm W.PB ( 2 ), 

AtanXsind + Rcos9 - W + w (8). 

From (1) tan 9 m tan X. 

Also GP — rX ; 
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/. w.r\« W{u -rX) from (2); 

. • — m r ^ ■— which gives W. 

*> a - rX ® 

II. Again, supposing the weight suddenly removed, 
and 9 to be the inclination of the plank to the horizon 
at the time t f we have the following equations of motion, 
in which a*, y are the horizontal and vertical co-ordinates 
of G, reckoned from O. 

md t *a = R sin 9 - /u. R cos 0, 
mdfy m R cos 9 + m R sin 9 - mg , 
mk*d?0 = - Rr9, 
as ■» r sin0 - r0cos0 
y m r cos 9 +r9rin9 
. m (d t * w sin 9 + dfy cos 6) « R - mg cos 9. 

Noy differentiating the equations (l) we find that d**v 
is a quantity of the third order supposing the oscillation 
to be of small extent; and dfy is of the second order: 
hence approximately R « mg ; 

d t *9 + ^0«O (2), 

and time of a small oscillation « —JL - , 

Vgr 

where k is the radius of gyration of the plank about an 
axis through its centre of gravity and parallel to the axis 
of the cylinder. 

Obs. We might have obtained equation (2) at once 
by taking the moments about P considered as an instan- 
taneous axis. 



11 
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PROBLEM XVI. 


A telegraph has m arms , and each arm is capable 
of n distinct positions : find the total number of signals 
which can be made with the telegraph . 


One arm is capable of n positions, and there are m 
arms; 

mn = number of signals by using only 1 arm, 
rr e= any particular two; 

m (m — 1) - , _ . _ , 

•\ — n = number of signals by using 2 arms at once. 


Also 

number of signals by using any particular three; 


» number of signals by using any 3 arms at once, 

&c 

and n m = number of signals by using m arms at once; 
therefore the whole number of signals 

f w — 1 Q w -1 »-2 , > 

— J1 + mn + m nr + m . «’ + ...+ n m \ -1 

( 2 2 3 * 

= (i+n)"-l. 


Problem XVII. 

The whole height of the fall at a water-mill, and 
the quantity of water passing through the wheel in a 
given time, are given ; find the relation between the 
height from which the water falls before it strikes the 
buckets, and the uniform velocity of the centre of each 
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bucket, when the effect produced ie the greatest possible. 
The breadth of the buckets or the thickness of the vein 
of water which acts upon the wheel is supposed small 
in comparison with the radius of the wheel: and the 
effect of bathwater is neglected. 

Let H « whole height of the water-fall, 

h m height through which the water falls before 
it reaches the bucket. 

v « uniform velocity of the circumference of the 
wheel. 

The velocity lost by , the impulse m y/ 2gh - and 
its effect is measured by m (\/ 2gft - v) v. (Navier, sur 
les Machines , Troisieme Partie , No. 112.) After the im- 
pulse and during the remainder of its actions the effect 
is measured by mg ( H - A), m being the mass of water 
discharged in an unit of time. 

The whole effect is therefore measured by 

mg {H — lt)±m (y/sgh - v) v 9 

and this is to be a maximum by the variation of v : when 
this is the case 

V 2gA-2e, 

and ^ gh, 

and this is the relation required. 

If v is given the relation is v* - 3gh. 


Problem XVIII. 

A sphere of lees specific gravity than water ie placed 
at a given depth in a stream running with a given 
uniform velocity, and then left to the action of the 
stream ; find the motion and path of the sphere. 

11—3 
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Let « « the horizontal velocity of the stream, w, y 
the horizontal and vertical co-ordinates of the centre of 
the sphere at time t, R the resistance, considered as a 
retarding force, 

-K\(u- df/e)* + 

g the weight of the sphere in water. 

The equations of motion are 

d t a i v m Rd ( x, d t s y « Rd,y + g. 

1 ^ ffdnV 

Thcn d ' y m Jd^y {dlWd ' y ” dtyd ‘^ “ 


.-. (d t .vY 


. i d?t R_ 

As ° (djf = d x a'" 

Differentiating (l), we have 

2 d't gd x 'y 

{djf “ Wy)» ; 


gd, a y 'lit 2 A" 

(d7y)‘ " ” d> “ “ 


- 2ud,a> + 


• ® A L* - 2« + (d»* • 37-} S 

v d,*y d.*yj 


••• gd.'yv i + (d t yY 


+ ZKd*y \u*dfy - 2 u\Z , + g(d,a)*} - 0. 


This is the differential equation to the path of the 
centre of the sphere. It admits of one integration by 

* This equation may be obtained at once from the consideration that the 
only forces which act in the normal are the centrifugal force and the resolved 
part of gravity. 



putting dfy — involving circular and logarithmic forma ; 
but as it leads to no result of importance, we shall not 
give it. 

Also (d t ay - ((*,«)•• - 8 ~!krr » 

«* y 

which when the path is known determines the velocity. 


Now if q be the chord of curvature at {any) parallel 
td the vertical, 


l+(d,y)» 2(d r ay 
d/y “ ~d/tj ’ 


(vel .) 3 = g . 





or the velocity is that due to one-fourth the chord of 
curvature drawn parallel to the vertical. 



MR THURTELL’S PAPER, 

JANUARY 0, 1841. 


Problem I. 

(a) If the price in shillings of a cwt. of goods he 
multiplied by 3 and divided by 7, the result is the value 
in farthings of a pound weight. 

(/3) If a,, a^...a n be positive quantities, 

n - 1 . 

— (a, + Ra + ... + a n ) 

is always greater than 

v/ajaa + v/aia, + y/a 1 a 3 +... 

Also the former is the greatest value the latter expression 
can have under the condition a l + a a +...+ a„ = constant. 

(a) Let si « price of a cwt. in shillings ; 


farthings. 


48.V 3 


Now m-x, which is found from w by multi- 

112 7 3 

plying by 3 and dividing by 7. 

(/3) (v/ffj - %/ a s y = positive quantity ; 


.\ aj + flj>2vff,o s . 
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Similarly o, + a, > 2 v/®i «»» 

a, + a* > 2 \/ Ojjflj, 

Bcc. > &c. ; 

(«~l).(o,+a,+ ...+o,)>8('\/ 0 , 0 ,+...), 

or — — -.(o I +o*+...+a,)>\/oja 9 + \/ a 1 «a+V /r «*Os+—» 

2 

Again, let 2u m \Za x (\/a* + \/a x + ... + v/«»«) 

+ \/ j (v/ + %/ + • • • + \/ ®h) 

+ 

+ %/a„ Cv/«I + v/aT+ ... + \/a»-i), 

where a x + a 2 + ... + «„ *= constant. 

• Hence a, is a function of the n - 1 independent 
variables a u a 8 ...o n-l ; differentiating and observing that 
- 1 = d (h a n = rf„ g a n = &c., we have 

(s/a„ - y/ a,) . (\/aa + V^+ ... + V ®n-i) - «» - «» 

(v/ «» - V^) • (\/ai + \A 3 + ... + \/<C7) - o„ - O*, 

a 

&C. a &C. 

a n B3 flj >s a 2 a* &c. ■ ; 

therefore the maximum value of u 

n — l . v 

■ • (fli + + ... + ®»)* 
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, PltOBLEM II. 

If there he n equations between n unknown quanti- 
ties x,, x,...x n and n + 1 known quantities , a,, a,...a n 
and c, the 111 th equation being 

4* +••••••+ a C®- 1 I 

„ ( c - a 2 ) . (c - a 3 )...(c - a n ) 

trie'll Xj * . ~ ■ . » / k 

( a l — a a) • ( a l “ n s)***( a l” *n) 


and similarly for x*, x 3 ... 

The n equations are 

07, + 07 g + 0? s + + 07, = 1 (l), 

a,o?» + a t ai t + a 3 ir 3 + + a n cc n -c (2), 

a, 8 07, + ffjj’o?* + afx 3 + + (i»x a = c* (S) ? 

&c. «■ &c. 


a,"*^, + + af~\v 3 + + a. B_, a7. = c" -1 . ..(»). 

Multiply (1) by a„ and subtract it from (2). Then 
we have 

c - a. = (a, - a,) .r, + (a 2 - o a ) ,v g + + (a,-)- a n )ar K _„ 

or 1 »p,.v, +p lt ,r i + +;>„-! (a), 


where p. 



~ a n <1n- 1 — A* 

C - ff* ****** C-O* 


So from the succeeding equations we get 

c = p l a l .v l +p 2 a 2 a 2 + + (/3), 

t*^p l a l i a> l + p s «,*.r, + ... ( 7 ), 

&c. « &c. 


<!*-* = p,o 1 "-*.r 1 .+ p,o,-*47 i + + 

which n - 1 equations do not involve 
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Proceeding similarly with these we have 
e - «.-» - P, (*, - <*.-,) + p. («» - a.-,) + 

+ P«-» (a.-, - «._j) <v,_ 8 , 


or 1 - Pi7i*i + Pj7»«* + + P„-*7.-*®.-*» 

the (n - 2) m such equation being 

c"-® = p, 7, «;" s * v + + p.->9..s<:S«'..ct 


where * 




02 &C.: 


&c. 


e - 

in which n - 2 equations, neither x H nor a 1 ,., are involved. 
Hence, after n — 1 such operations we have 


1 


■PifiV 


‘'i* 


*1 

c-n. c c-a 2 
m (<* - a .) (g ~ a,) (r - «») 
*" (a,-«.) («,-«») 

Similarly with .r , &c. 


Pjioullm III. 

cloud , or otfAer ofc/ec£ known to be moving in a 
horizontal plane , observed by a person wiihin a room : 
from the line in which it seems to move across the window 
and the position of the eye 9 determine the direction of 
its motion . 

Let the vertical plane of the window be the plane of 
xz : the eye being in the axis of y at a distance ft from 
the origin. Then the intersection of the plane which 
passes through the eye and the line of motion of the 
object, with the plane of xz y will be the line in which 
the object appears to move across the window. 
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Let - + * = 1 be its equation, a, 7 being known : 

and let x = c be the equation to the horizontal plane in 
which the object moves. 

Then the equation to the above-mentioned plane is 


and therefore % 


no 

- 4. 
a 


y 

a 


+ 


x 

— = 1 : 
7 




4 r v 

- + 5-i 

a (3 


c 

7 


arc the equations to the line of motion; its inclination 


to the plane of the window being tan ” 1 



Problem IV. 

There are n straight lines in a plane; a of them 
are parallel to each other and to none else , /3 parallel 
to each other and to none else , and so on; and none 
of the remaining n—a— (3 — y — ... lines are parallel 
to any of the former , or to each other . Find the total 
number of their intersections . 

The number of intersections of sets (a), ((3) a/3, 

the number of intersections of the set ( 7 ) with the sets 

00 * (/3) *=v(a + /3), 
(S) 

00> (/ 3 )> (7) “ 2(a + /3 + 7), 

00 

' 00* (£)> (7)* ( 3 ) - e(a + fi + 7 + $), 

* &e. rn he . ; 
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therefore whole number of intersections (N) 

= |8.o + i y(a + /3) + i(o + + 7 ) + e(o + ^ + *y + S) + &c., 

and iN—a(J$ + y + $ + «>+ ...) 

+ /3(a + 7 + S + e + ...) 

+ 7 (o + /3 + 5 + e + • «•) 

+ S(a + fi + y + e + ...) 

+ 

or 2V= “(« - a) + ^(« - 0) +^(» - 7 ) (» - $) + &c. 


Problem V. 


If A and B the extremities of the axis major 
of a conic section , T the point where a tangent at a 
point $ in the curve meets AB, QTR a line perpen- 
dicular to AB and meeting AP and BP in Q and R 
respectively ; then QT * RT. 

A being the origin, let x 9 y be the co-ordinates of 
P and y 2 = c 2px + nx* the equation to the conic section, 

2 p 

n being finite. Then AB . 

° n 


The equation to the tangent is 

(j/-y)y = (*' - x) . (p +.«®) ; 

AT -tv = . 

p + nto 

The equations to AP, BP are respectively 



M 


fl). 


and y' - g 


ny 


. («' - w) 


( 2 )- 
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la these equations make AT 


Then 


TQ 


-py 

p + no } 9 


-pi V 
p + n.v' 


and TR ® - y » - y + 


ny 




2p + na / p + wo? 
% 


nicy 

- y + — 

p + nuo 


- py . 

p + wa?’ 

TjR - TQ. 


PnonLLM VI. 


A awd C (Jig. 43) are jived points , flfco/tf which beams 
AB, CD are freely moveable by hinge joints ; AB is 
supported in a horizontal position by CD, and has a 
weight suspended at B. Find the pressure at C, 
(1) when there is a hinge joint at D, (2) when CD 
forms one piece with AB, the weights of the beams 


Let JZ,, R yj , r M r y be the horizontal and vertical 
reactions at A and C respectively. Then whether there 
is a joint at D or not, we may consider CDAB as a 


rigid body; 

Sv ~r, ( 1 ), 

Ry + P a Ty.. ..................... (2). 


But I. if there is a hinge at D, in taking the 
moments about that point, we may consider the equi- 
librium of CD and AB separately, in which case 

R y .AD~P.DB 
• and r y .AD~r,.AC 



( 3 ). 
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Hence we have r v ■ 

^Z) „ .42? 

r,mr,l 'lC mP ‘ AC' 


pressure at C - y/ r,* # + r," - P . -<<5 \/ 

But II. if CD form one piece with AB^ there is 
only one equation of moments, which is 

(r v -R y ).AD + P.DB-r,.AC, 

or P.AB-r,.AC , 


and the value of r y 


and r,«P. 
is indeterminate. 


AB 
AC ' 


Problem VII. 

Two billiard balls are lying in contact on the table: 
in what direction must one of them be struck by a third 
so as to go off in a given direction? The balls are 
supposed equal in all respects , smooth , and of given 
elasticity . 

Fig. 41. Let A , B he the centres of the balls in 
contact, C the centre of the impinging ball, 9 the angle 
which CB produced makes with AB, BE the direction 
in which the ball moves off, EBX =* a. 

The problem divides itself into two parts, first the 
motion during compression, and then the motion during 
restitution. 

Let J?, Be be the impulsive actions in these two 
cases between B and C, R\ R\e between d and B : and 
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in the first part of the motion, let «, be the initial 
velocity of B in a direction making an angle <j> with 
AB\ n, the velocity of A; V, v the velocities of C before 
and after the impact, to the mass of either ball. 

Then the equations of motions are 
m(V-v)*‘R , (l) mw, cos0 m 77 cos 0 + 7?,. (2) 

mw, sin <f> = R sin 9 , (3) tow 8 = 7?, , (4) 

w, c8s (9 — <p) => w, (5) w, cos <p ** — w 2 . (6). 

Then from (2), (S), (5), 
cos 9 (77 cos 9 + 7?,) + R sin® 0 = tow«=otF— 77; 

27? + 77, cos 9 = m V. 

Also 77, = - m o, cos <f> = - R cot 9 — R t ; 

' D 

27? - — cos>*0 = mV; 

2 


R > 


2 m V 
4 — cos* 9 


, and R t 


m V cos 9 ' 
4 — cos* 9 


In the second part of the motion, let «, be the 
value of then 

mu, cos a — tow, cos <p = Re cos 9 + e7f,l 
mu, sin a -tow, sin 0 =>726 sin 0 i 

< Adding these to the former equations, we have 
tou, cos a — R (1 + e)cos0 + (1 + e ) R J , 
mu, sin a « 7? (l + e) sin 9 ; 

7? sin 9 2 to Fsin0 

taD a * 7? cos 0 + 7 ?, ” 2 m F cos 0 - to F cos 0 

- 2 tan 9, 

and 9 m tan -1 -jp) > 8 the angle required. 
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Problem VIII. 

If for any curve , r be the distance of any point in 
it from a fixed point , and s the arc, then the perpendi- 
cular from the fixed point upon the normal - rd g r. 

If p be the radius*of curvature, then the radius of 
curvature p x of the evolute at the corresponding point 
•= pd a p : and if p B be the radius of curvature of the n th 
evolute (the evolute of the first evolute being called the 
second evolute, and so on) then p u «■ pd s p„_ x . Prove these 
formulae and give their geometrical interpretation. 

Fig. 45. Let SY, be the perpendicular on the nor- 
mal : 

SP x = r„ SY X = p x , SP~r, A,P,=s„ PSK=Q. 

. Then 

rdur 

Sy x *» SP cos PSY X m r cos SPT =■ —j =- - - a rd,r. 

• V r l + (d 8 r) J 

The equations connecting the involute and evolute arc 

Pi “ rd,r (1), 

r, 5 = r* + p* - 2 pp (2) from triangle SPP, 1 

V>f-P' 00 SPY, V 

Hence, pfi p pi = p - p from (3), 

and r x d t r x m(p-p)d r p... .(2); 
pi = r x d fl r x m p x d f p = rd,r d p p from (l) 
rd r r a a 

Again, p 9 ■* p x d ix p x ^ 9 ~- d t p » pd t p x % 

a t 8 j 

since p m s x + <?■ 
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Suppose this true for p„. Then 

p, m pd,p n _ j, 

j j d,p n 

p »+ 1 - p» a i.p» m p a tp»- » ~j~ > 

snd *, ■ p,. i + c ; 


p«+i B pdtpr 

Hence, if it is true for p„, it is true for p, +1 : but it 
is true for p,p a ; therefore it is generally true, and 

p, — pd,p«_, . 


Since 






* 


cU,, $$ 

Pn~ p' 

• 

the general formula shews that the angle subtended at 
the centre of curvature by any small arc of the original 
curve is ultimately equal to that subtended by the cor- 
responding arc of each of the series of evolutes at its 
centre of curvature. 


Phoblem IX. 

Shew that a uniform rod of different density from 
that of water y when left to itself in watery must prac- 
tically float at length on the surface or lie at length at 
the bottom . 

A uniform rody of less specific gravity than that of 
watery has a string attached to one end of it 9 and also 
to the bottom of a pond whose depth is less than the 
sum of the lengths of the rod and string; find the po- 
sition of equilibrium . 
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If the specific gravity of the rod be greater than that 
of water, and the rod be placed in the fluid vertically, 
it will rest in unstable equilibrium, and therefore prac- 
tically will not remain in that position. If the rod he 
placed in the fluid obliquely, the centre of gravity will 
descend, and will continue to descend after one end has 
reached the bottom, since the moment of the weight of 
the rod about that end is always greater than that of 
the fluid displaced by it. Hence it will lie in stable 
equilibrium on the bottom. 

If the specific gravity of the rod be less than that 
of water, some portion of it must lie without the fluid : 
and with this condition it cannot lie obliquely, since the 
centres of gravity of the rod and fluid displaced by it 
could not be in the same vertical : hence, since the centre 
of gravity will not ascend, the rod will rest in stable 
equilibrium, horizontally on the surface. 

• 

Fig. 46. Let AB be the rod inclined at an angle 9 
to the Jiorizon. 

AG =a a AD » ft, CD = d 9 k area of a section of the 
rod : p 9 cr the specific gravities of the fluid and rod. 

Then since the string must be vertical, DAC is a 
straight line, and perpendicular to the horizon : therefore 
taking moments about A , we have 

(AKf 

gp - — .ceos0-*r.8a".rco.0, 

(d “ *Y 

°r P - . ' 

1 sin* 0 
and 0 s sin -1 

{ Ha v cr/ 


12 



178 


Problem X. 


A plane revolves uniformly about a vertical axis, 
and a body descends with its flat smooth surface press - 
ing against the plane : find the equation to the path of 
the body upon the plane . 

Let /p, y, % be the co-ordinates of the centre of 
gravity of the body m at the time t from the commence- 
ment of the motion, when the revolving plane coincided 
with the plane of w the angular velocity of the plane, 
It the reaction of the plane, r, z the co-ordinates of the 
body in the plane. 


Then the equations of motion are 

mdfxt « - R sin wt, m d*y « Jt cos wt , 

mdfz m - mg, 

and os a r cos wt, y = r sin wt ; 
d t 2 o' a d?r cos wt -2wd,r sin wt - orr cos wt' 
d*y « d*r bin wt + 2 wd t r cos wt - w*r sin wt f r 

Now from the first two equations 

dfa> cos wt + d*y sin wt « 0, 
or d t *r=*wrr from (2); 
a 2o) 2 rd 4 r, 
or (d,r)*t:C' + ft>V, 
and 0 a C + a fa 2 , 

if a be the original value of r, and the body be supposed, 
for the sake of simplicity, originally at rest. Hence 

and (d ( #) 2 a Qg (6 - «) J 

is ft-g . 

V-o*’ 


••• (d.xy 
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which is tho equation to the path of the body on the 
plane. 


* Problem XI. 

Prove that A“ AJu X(y m AJA^u^, and that each ex- 
pression -(u-l)“(u„-l)", if generally u/u (< **=u x+rhfy+gk 
where h and k are the increments of x and y respectively , 

Let Gu Xt y=* <p(t) where y is considered constant. 

Then G(A>,.,)» (p- 1 ) (? -1 ) 0(0 

t 

™ *f/(t) suppose, 

and <7AJ(A"« # ,y) » (p- 1 ) G(A>,, y ) 

-(?-)’• (?-)>)■ 
and G(A* AJ« J>y ) equals the same expression; 
AjA^a^-AjA^#,.,,. ‘ 


12 — 2 
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Again, G( AjAJtt,.,) 

jl 1 I cl 

- ^ C J 

{ 1 1 n(n - 1) 1 0 l ~ 

r* “ * * + — («)— • ^ " &c j G *-* 

Now the product of two teims taken out of the scries 
( m ) 1 ( w > _L_ n*. 

Now 


^(/i- )/i * ^* n T,y ~ £* W 4+(»«-.r)A f/ » 


1 l 1 1 

an< * f{jT->)k • ^0r-7)A • ty = ^ l4 _ /„ (' ***+(«-») *.y 


S= y + (*-*)Jk 

= G«' r . ^*0- 

Hence the product of any two terms equals the 
genciating function of the product of the same two cor- 
responding teims in (u x — 1)*". (u 2 - 1)". Hence the sum 
of the products of o\ciy two terms or G(A™&*u XJ/ ) 
= generating function of the product of the two expres- 
sions 

- («, - 1)". (« 2 - l)\ 

Problem is} lias been previously considered. See 
Problem 11 in Mr Gaskin’s Paper. 


Problem XIII, 

A circular hoop has communicated to it a velocity 
of translation , parallel to a given rough inclined plane 
with wkuh it is in contact , and in the downward 
direction ; and also at the same time a velocity of 
rotation about its centre . Find the conditions under 
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which the hoop will descend to a given point on the 
inclined plane and then just return to the place where 
it set out; also point out the circumstances of the 

remainder of the motion . 

Fig, 47* Let A be the point from which the hoop 

js projected with a velocity n of its centre of gravity 

and an angular velocity a> about that point in the direc- 
tion of the arrow ; All = h the distance over which the 
hoop moves before it commences its return; let tan \f/ 
be the coefficient of friction, a the inclination of the 

plane to the horizon, a the radius of the hoop; AD ® .r, 
1) being the line of contact at time t , and 6 the angle 
through which a given radius of the hoop has revolved. 


The equations of motion are 
ditV = tf(sin a - tan \J/ cos a) * g sec \j/ sin (a - \j/), 
a 2 

— . d 2 0 = - g tan \Jr cos a . a, 

2 g 

or dt 0 tan \t/ cos a . 

a 1 


The integration of these equations gives us 

d r r = u + g sec \fs sin (a - \f/) , A 

ad t 0 = a u) - 2g tan \J/ cos a . t I 

and /v « ut + * g sec sin (a - \f/) . t*. 

Now the sliding motion ceases when the velocity of 
the point of contact is zero, or when d t x = ad t 0 9 which 
gives 

no) — n 


gti 


sec \j '/ sin (a - y}/) + 2 tan \J/ cos a 
Ow-tt 

as - ■ — ■ -■» 

sin a + tan \f/ cos a 
COS>f/ 

- (octf- u). . T l% , 

»in(o + ^) 



18S 


and 2gb** 2u.gt + sec \Js sin (a-\fs). ( gt ) a 

2u(aa) - u)cos\!s cos \ls sin (a - \!s) , v# 

~r r - + : T a/ • (<»«-« > 

sin (a -f \f/) sin (a + 

or 2g6 sin 9 (a + « 2w(aa> — w) cos \f/ sin (a + 

+ cos sin (a - yf/) . (a » - «)* (l). 

Also the angular velocity wi at this time 
2 tan ^ cos a 


: oi — - 


•gt; 


cos \fs 


tfcei = na> — 2 tan dscosa . (ace — «4) . — , 

r ' sm(o + ^) 

ate sin (a - >//) + 274 cos a sin \// 
sin (a + yj/) 

Now since in the return of the hoop towards the 
point of projection there is no sliding, the equation of 
Vis Viva gives directly an integral of the equations of 
motion, viz. 

~ (<li<py + (d t yY => - 2 gy sin a + C, 

(It y being the linear velocity of the centre measured from 
//, and d t <p the angular velocity. 


Now 

and when 


y - 0, = w, ; 


3« 


— . ( d t <p)* » - 2go0 sin a + C, 
3d* 


* «i # ■ C ; 


3 a* 


o { ( W - «*i*} - - «• 
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Now suppose d t <f > « o when a(f> « 6, or the hoop just 
to return to the point of projection, then 

3 

2^6 sin a = (aai,)*, 

2 


or 4gftsina 


3 \awsin(a- >|/) + 2wcosa sin>J^* 
sm 8 (a + 


( 2 )- 


The equations (l) and (2) give the values of o> and 
w, which the conditions of the problem require. 


After this the hoop rolls down the plane, resisted 
by a constant friction = ^ a x weight of the hoop, and 

. - 2 sin a 

actuated by a constant moving lorce « — — x weight. 


Problem XIV. 

On the emission theory of fight, the amount of aber- 
ration is independent of the density of the medium through 
which the light comes to the eye , hut not so as the un- 
dulatory theory . 

Fig. 18. Let SAB be the path of a ray of light 
proceeding in vacuo from a star S , in the same time 
that the earth would take to move in its orbit from T 
to B : in this case BST is the alxirration : for if the ray 
of light were to enter a tube AD held by an observer 
parallel to ST , and its motion resolved into two, one AD 
along the axis of the tube, the other DB parallel to the 
motion of the earth, the latter part would be just equal 
to the motion of the observer, and the ray of light would 
continue in the axis of the tube, and the star would ap- 
pear in the direction DA . And if v be the velocity of 
the earth, V the velocity ef light in vacutf, 
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r BD t.in BAD 
V = Ali " bin ADli 

Tit l /* * index of in. fraction of a medium of which 
the t -.hove tulw may be composed, and AC the path of 
the lay through it. 

Then on the (.mission theory (Art. Light. Ennjrlop. 
Met.) 

H V *= r the \eloeity in AC, 
but on the undulatory thiory, 

n r = V. 

Hence, in the first case the velocity of light along CD 

, CD CD _ sin BAD sin CAD 
V AC sin CAD' <\ADB 


sin BAD 
1 sin ADD 


= v from 


( 0 - 


Ilcncc, the motion of the ray of liirht entering the 
tube at A lesolved as before parallel to CD will equal 
that of the observer: il w ill therefore m >ve along the 
axis of the tube, and will bo at C when the observer is 
there, the aberration HAD being the same as lx fore. 

But in the other ca>o the velocity of lij^ht along CD 
sin CAD . 

e= V ifvlfc * , -- wind! does not ccitial r: nonce 
mu ADli -<u\AHD 1 

it is neccs-ary that, the tubi be held in a different direc- 
tion, in order that the lays of light may meet the eve, 
or the abenation is altered by a quantity depending on 
hiu CAD , or on the density of the medium. 
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Pkoblem XV, 

There are four candidates for an office and four 
electors ; each elector gives two votes y one to each of two 
candidates ; ami in the first scrutiny one candidate , vis. 
he who has fewest votes or none , is to he rejected . Shew 
that the rejected candidate may not he the one who is 
least approved . Also, neglecting moral causes , fmd the 
chance of its being necessary to repeat the first scrutiny 
because each of the four candidates has two votes . 

I. Suppose the candidates to be A, 7?, C, D . The 
first three \ oters may divide their votes between A and 
77, and of the other two give the preference to C, The 
fourth voter divides his votes between A and 77, or D 
and 77, and C who is not the least approved may be 
rejected. 

II. Again, suppose the 8 votes to be represented by 
(«cr,), (hb ,), (er x ) y (dd x ). Then twice the number of 
combinations of these votes taken 2 together may be re- 
presented by 

a(b + r + d + />, + c x + d,) 

+ b (a + c + d + + r x + d,) 

+ e (a + b + d + a x + A & + d,) 

+ d (a + b + c + a x + 6, + r,) 

1 + &c. 

Since aa x , bb iy 8cc. being the votes of one person 
cannot appear together. Now if one combination of two 
be taken out of each of the above sets (taken four to- 
gether) then for each such combination of four thcr<} will 
be nine ways of distributing the votes: and the number 

„ . * 8. 7.6.5 

of combinations of 4 * * 70. 

1 .2.3.4 
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% 

Hence, the number of combinations of four sets con- 
9 x 70 

taining 2 « — ~ — ■= 315, and these four sets can be varied 

in 1.2 . 3. 4 ways forming on the whole 24x315 combi- 
nations. Now each person can distribute his votes in 
12 ways. Hence the required chance 

24 X 315 35 

“ 12. 12 .12 .12 = 96* * 


Problem XVI. 


From each paint of the exterior of two concentric 
ellipsoidsy whose axes are in the same a recti ons^ tan- 
gent planes arc drawn to the surface of the interior 
me: shew that all the planes of contact , corresponding 
to the several points of the exterior surface , touch a?i- 
other concentric ellipsoid . 


Shore also , that if tangents he drawn from each 
point of any curve of the second order to any other 
curve of the second order, however srtuated 9 the lines 
which join the points of contact of the pairs of tangents 
drawn from each point of the first vurve 9 touch another 
curve of the second order . 


I. Let a 9 b 9 c; a 9 ft, 7 bo the semi-axes of the 
two ellipsoids; A, k 9 l the co-ordinates of a point in 
the exterior ellipsoid: a\ y 9 x the co-ordinates of any 
point in the plane of contact corresponding to the point 
(hki). 

The equation to the plane of contact is 


hx ky lx 

« r + F + ; 7 

* h* k* l 1 
an4 + 


1 

1 


( 1 ). 

( 8 ). 
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Differentiating these equations with regard t 
k, as independent variables, we have 

y * * . 

* 

k * , 


h c* 

'* 7* a* 


and 


* c* 
Tfc* 


* 7 s 

i 

.V Y_ 


Ilcnce 


and from (J) 




and from (2) 



(K '/ 7 s 

W ' x'P 





Hence 


y* fa a a ? rVN 1 

r 1 ** \ a* + (fr + y* ) 7 

y * /a*«* 6*y* c***\* 

■S?(v *Ts‘~+ 7 ■) ’• 


A and 



1S8 


or 


aV fty 
«' + > 


+ 



and this is the equation to a concentric ellipsoid, touched 
by the planes of contact. 


II. Again, let the equation to the curve of the 
second order, which is always touched, be 

af + btvy + ctf 8 + dy + e.v + / = o, 

li> k the co-ordinates of a point in another curve of the 
second order, whbso vertex is taken for origin and axis 
for axis of a*, which satisfy the equation 

k % = 2 ph + n/r (l). 

The equation to a chord of contact ’ 

(a? - h) . (by + 2 c.v + r) + (// - /.) ( ;2ay + h.v -f d) = 0...( c 2). 

Diirercntiating with regard to //, we have 
by + 2 car + v + (‘2a// + b,v + d)d h k = 0, 
and kd h k « p + «/i. 

p + 

Hence, fty + Sea 1 + <• + - (Cay + ft a- + rf) = 0, 

!c 

and (A + -V = £ ! + — A+P-V 
V nf n \n] 

.1 

■ £ + («)" f ™ 1 <')• 

Now from above 

n ^A + (2ay + 6® + d) = - (fty + 2 cm + e)h i 
n’(2«y + iur + tf)*.j^ + I ■ A* (fty + Sex + e )" ; 
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ft* {(by + 2 ear + c) s - rt (2 ay + bx + d)"{ 

■= p * (2ay + + d)“ (3); 

. ( l 'U + ~™+<-y 

’* V + «i “ W/i/ + fc.r + j/ *«-’ 

( A + “) • { + 2c,1r + <0* - « (s ay + bx + d)*\ 
(by + 2o,r + e)° (•]•). 

91" 

Now from (2), 

h {Inj + 2c,v + e) + k . (2 ay + ft# + </) 

= .v (fty + 2c*# + c) + ?/ (2 ay + ft# + d ) 

= - e/y - c# - 2/. 


• From (3) and (4) wc have 


p p hy + 2 r# + c 

/i + - = ~ . — — , 

n n y/A 

2 ay + ft# + d 


and k = - p . 




p 

since k is of different sign from A + ~ f 

91 

where ^ = (/>y + Sea? + e)* - n(2ay + bx + rf) ? . 

Hence substituting these values iu the above equation, 
we have 


p (by + 2ca? + e)- p 

- . - — . — — - - (by + *cx + c) 
n \/A n 

(2a y + Or + df 

-P- — J~ A + dy + cv + 2/ 


= 0 ; 


P ((by + 2e r + e) s - » (Jfl y + />‘r -*• 

«t tst -1 : j 
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- (i by + 2 cw + e) - ( dy + ea + 2 /), 

or (6y + 2c* + «)-(dy +e» + 2/); 

W ft 

.*. (6y + 2c® + «)• - n (2oy + 6* + d)* 

« {fey + 2c* + e - ^ (dy + ea + 2/)}*, 

which is the equation to a curve of the second order, to 
which all the chords of contact are tangents. 


Pkoblbm XVII. 

Two parallel indefinite plates are maintained at dif- 
ferent constant temperatures: a thin indefinite plane 
lamina being placed between them so as to be parallel to 
each ; find the temperature which it will ultimately attain, 
on the supposition of the space between the planes being 
a vacuum. 

To what causes may the excessive cold of the higher 
regions of the atmosphere be attributed f 

State the steps of the reasoning by which the tem- 
perature of that part of space in which the earth moves 
has been approximated to. 

Since the temperature at every point of the lamina 
will be the same at the same time, it will suffice to con- 
sider a single particle thereof. 

Let a be the distance of the lamina from one of the 
planes which is maintained at the temperature v, and let 
h be the conductivity. From the particle in question 
draw a perpendicular to this plane, and about the per- 
pendicular take an annulus with radii r and r + $r. 
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Then supposing the heat emitted to vary as 


cos angle of emanation 
(dist.)" 1 


we have 


heat received from annulus 


iirarSr 

(?Tr»)t 


hv ultimately, 


plane 


0 fa f 

•2 irahv I — — -r-. 

J r (a* + r*)» 

= 2 who. 


So heat received from the other plane whose tempe- 
rature is v, is Sirhv', supposing the conductivity to be 
the same as in the former case. Now the intermediate 
lamina, having a permanent temperature, V suppose, emits 
as much as it receives ; 

4>irVh ■ 2irvh + irrv'h. 


The subjects of the remainder of the problem are 
treated of and explained in M. Poisson's Thenrie dc la 
Chafeur, Art. 228, and in a supplemental Memoir read 
before the Academy at Paris, in 1837- 


PaOBLEH XVIII. . 

Prove that, if at each point of space a force act 
which is any function of its distance from a given point 
A, and 6 be the angle at which the tangent to a point 
P of ap arbitrary curve, connecting any two points 
P, , P s in space , is inclined to the direction of the force 
f at P,, then J fcosQ ds, from P t to P, depends only on 
the distances APj, AP,. 
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Assuming that the law of force in the action of the 
particles of the magnetic fluid is that of the inverse square 
of the distance , shew that the cihtenec of tjvo points on 
the earth's surface , who c the total horizontal force va- 
nislieS) and the total intensity is a maiimum for both 9 
or a minimum for both 9 necessitates the existence of a 
third point where the total horizontal force vanishes . 

Lot cj) (r 9 ) = force at the point O, s), the fixed point 

A lioinff Hir* nr 

iV 

Then force paiallcl to x = - <f>(r) 

= d c f,(j)(r c ). 

Since + if + & =» r» 
anti x = rJ,r\ * 

or X=d t V, 
if y~ f r (j>(r), 

and X represent the force parallel to x. 

Similarly, Y = d y V, Z = d.V. 

Now dVsd, Vdx + d y Vdy + d, Vdz 

= ds (Xd y x + Yd,y + Zd,s) 

= rf a/cos 0; 

//cos Bds - r = J, <!> (r s ) = f (r ! ), 

suppose, and the \alue of this integral taking between the 
limits r**AP v r~AP 29 is ^(AP^-xj/fAP^) which 
depends onh on the distances AP r AP S . For the so- 
lution of the remainder of the question, and for otlui 
Mihjects connected with Terrestrial Magnetism, the readei 
is referred to a Memoir of Gauss, in Taylor’s Scientific 
Memoirs. 1840 . . 
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Problem XIX. 

If a beam hang vertically by means of a string ot- 
tacked to its upper extremity and to a fixed pointy shew 
that there are two ways in which the beam can oscillate 
so that each point of it comes to the vertical position of 
rest at the same instant , and find the respective times 
of small oscillations of this nature . 

Fig. 52 . Let the figure represent the positions of the 
beam and string at the time t : w 9 y the vertical and 
horizontal co-ordinates of the centre of gravity of the 
beam referred to O as origin, 0 its inclination to the ver- 
tical, and 0 the inclination of the string (5) to the vertical : 
2 a the length of the beam, m its mass, m T the tension 
of the string, (k) the radius of the gyration about ad axis 
through G and perpendicular to the rod. 

The equations of motion are 
• d*x m g — T cos 9, 

d*y m - T sin 0, 
k*d*<p - - Ta sin (0 + 0), 
x * 6 cos 0 + a cos 0, y » 6 sin 0 - a sin 0. 

Eliminating T , the two final equations are 
Ap 8 cob 0 d t * 0 « - a sin (0 + 0) {g + b cos 0 (40)* 

■+• a cos 0 (d|0) 2 + b sin 04*0 + a sin 04*0}, 

A 8 sin 04*0 ** o sin (0 + 0) [6 cos 04*0 - a cos 04*0 
- b sin 0 (40)* - a sin 0 (40)*} . 

However, when the oscillations are small, these equa- 
tions are reducible to 

d{y +£0-ol 
tf4 8 0 + *a(0 + 0)-o/ ? 

y m bo — f»0, 


13 



m 


which may be derived from the original equations by 
considering the tension as equal to the weight, and omit- 
ting quantities of a higher order than 0 and (p. 

Eliminating 0 they become 

B WO 

d/y + .y + T *- 0 

/ a\ a { (1) ‘ 

To solve these equations, (Poisson’s Dynamique , Art. 
546) we observe that they are satined by 

y m RN sin {ty/p - r), <p * RN' sm (t\/ p - r), 

R and r being arbitrary constants, p, N, N* constants to 
be determined. 


Substituting these in equations (l) we have for de- 
termining — and p. 


-VlTp + giitl p^jlfT-tg^N-o 

-Np+tN+g.^tr-o 


Hence 


go 

bp-g 


N &pb - ga (a + b) 
JV * ga 


Hence we have the quadratic equation 


-gb(k? + o* + ab)p +g*o6 *» 0, 

which gives two values of p. Now y and <p go through 
all their changes in value, while t\/p is increased by w, 

or while t is increased by -~=, which is hence the time 
, ^ Vp 

of oscillation: and as y and 0 vanish together, each 
point oS the beam comes to its vertical position of rest 



at the same instant. As there are tw6 tallies of p 
(fi\ p*)i there are two ways in which the oscillations can 

take place, their respective times being —7* and —7*: 

V pi V p t 

they are indicated in the figure. 


v N 

If ~ ^ » 0, that is, if the centre of gravity of 

the beam be in the vertical, 

k*pb<~ga(o + b), 
it 

Vp 

-i. V— . 

Vga a + b 


and the time of an oi 


tion 


— Problem XX. 

Find an expression for the time of a small oscil- 
lation of any body about a Jived horizontal axis, the 
body being partly immersed in a fluid , and deduce 
from it the times of oscillation (1) when the body floats 
freely and mores about its centre of gravity , (2) when 
it is n holly immersed . The resistance of the medium is 
not to be taken into account . 

Fig. 49. Let the plane of the paper cut the axis 
perpendicularly in 0, G the centre of gravity of the 
solid, H that of the fluid displaced by it, whose volume 
is V and density p 9 M the point in which the vertical, 
through the centre of gravity of the fluid displaced, 
meets OG , when that line makes a small angle 0 with 
the vertical. M the mass of the solid, k the radius of 
gyration of the solid about the fixed axis, k x that of the 
plane in which the surface of the fluid.* intersects the 
solid, about an axis through its centre ofmavity. 
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The equation of the motion of rotation is 
MVdfe - - (Mg .OG-gp V. OM) sin 6, 

M . 0G- pV. OM 

or d,0+g 0®O, since 9 is small. 

Hence the time of a small oscillation 


V 


MV 


g(M.OG- P V.OM)' 


Now in the first case, since the solid floats free! 
I ( » pV; and since the rotation is about G, OG => 
Vlso, as the equilibrium must ba supposed stable, 1 
n this case, lies above the axis? and we must wri 
• GM for OM. Hence the time of a small oscillation 


\/~ ¥ ~ 

g.GM 


\4 ( k ‘ r A - G«) ’ 

A being the area of the plane of floatation. 


In the second case in which the solid is wholly im- 
mersed, GH m o and GM ■» 0, and the time of a small 
oscillation 


vC: 


MV 


Mg. OG -gp V(OG + MG) 


V 


MV 

g(M-pV)OG ’ 
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NOTE I. 

When * solid is at rest in a fluid whose density vanes as the depth, 
then the density of the fluid at the depth of the centre of gravity of th« 
solid is the same as that of the solid. To prove this, let Z « depth of the 
centre of gravity of the solid beneath the surface of the fluid; p ■» pressure 
at depth Z ; x, p, % the co-ordinates of any point of the surface of the solid* 

Then dp^pgxdn^ 

and pressure = — g— 

= . — 1— parallel to the axis of x. 

* /T+ (</,*)■+ K*) 8 

and vertical pressure on an element ot the surface 

~figx 9 + (d 0 x 

* ‘ Vi + (<<.•)•+ (</„*)• 

— — i tty, ultimately ; 
therefore whole vertical pressure at the surface 

the limits being taken so as to include the whole surtaie of the solid 
"Now if V - volume of the solid, 

P - its density. 

Then Z.F ; 

• gp V weight of the solid 

-pgZ.V; 

• P * p z, 

whence the proposition 

N B. The solid is supposed wholly immersed 


NOTE II. (Page 47.) 

Let the principal plane of the cone be the plane of war, then since for 
every positive valul of y there will be an equal negative value, the equation 
to the cone is I 

X <*.*>+ e* 8 +c',r* - o. 

Let the equatlonslto the circular section be 

-A - «.)*+ (y - »)*+ (* - pY - **• 



Then the curve* 

«*•+ &p*+ c(Ax + By + £7)*+ 4*(As + By + C) * e, 

end (#-«») > +(y-n) , + (^ 4 P + By^C-*p) , -r*, 
mu Identical Hence equating coefficient* of *p, 

*eAB + c'B = q.zAB, * 

which is satisfied by B =* o. The other relation gives no result; hence the 
plane of the section is perpendicular to the principal plane. 


NOTE III. 

A* the equation to the path of a projectile and to an orbit described 
about a centre of force, which have been used, may be obtained from the 
Principle of Least Action, we shall so den them m this note. 

Suppose x 9 y to be the co-ordinates of a particle at time f, acted on by 
the forces X } Y parallel to the axes ; e its velocity. 

Then v*~*J(Xdx + Ydy)> 

*nd by the Principle of Leant Action 

r[y/*fCXdj(~+ Ydy)ds } = minimum. 


I. Suppose X o, Y g, p - d,y. 

Then f M V C - igy . Vi +p* -= minimum, 

or if u be the value of i> when t - o, 

f 0 V u a - tgy . Vi + p * as minimum. 

Here using the notation of the Calculus of Variations, we have 

V = y . VI + p*= Pp + C 

VTTP +r ’ 

\ Vw*-~2py a CVl + p*, 
and suppose when jr = *, p « ton a, 


then v/u g ~ ucosa. vT+p*» 

i t| = I 

wcosa Vu 8 sin*a -app* 

ssb +c= -j =155 

and suppose when » » o, y=»o, 

then ttsmo Vu f sin g q-*p« 

ucosa 



which is the equal}/ n to the path of a projectile. 










